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Abstract

In allocation problems of perfectly divisible goods, we study the
equity property of 'no-domination’, according to which no agent can
receive strictly more of all goods than any other agent. We prove
that no-domination is incompatible with Pareto efficiency, as soon as
preferences are allowed to be non-convex.
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1 Introduction

It is undoubtedly one of the most intuitive equity criteria in allocation prob-
lems where goods are perfectly divisible and preferences are monotonic that
no agent gets strictly more of all goods than any other agent. Let us call
it the no-domination criterion (it has been formally defined e. g. in Thom-
son [3], Thomson and Varian [5] and Moulin and Thomson [1}).

In this paper, we consider division economies where a fixed social endow-
ment has to be divided among agents characterized by their preferences, and
we show that no-domination and Pareto efficiency may be in conflict, if con-
tinuous, strictly monotonic, differentiable but non-convex preferences are
admissible. Specifically, we prove the following statement:

Theorem 1 There exist 2-good 3-agent division economies with continuous,
strictly monotonic and differentiable preferences where there is domination
at every Pareto efficient allocation.

This conflict between two very simple and natural properties is a new
and striking example of the impossibility to generalize a mamber of classical
results from convex to nonconvex economies!. It also sheds some light on
the implicit consequences of assuming convex preferences.

Real situations where preferences exhibit non-convexities can be easily
found (think of preferences over quantities of for instance different beverages,
textiles, etc...which are not profitably mixed).

In a concluding section, we discuss the assumptions made in theorem 1
about the number of goods, the number of agents and the kind of economies
covered by the result. Moreover, we briefly comment on the consequences of
the impossibility result we present here for the theory of equitable allocation.

2 Proof of the theorem

The proof below is by way of an example. Actually, it does not require
any sophisticated mathematical tool. As a matter of fact, the structure of
the Pareto set in 3-agent non-convex economies is not well known. In the
economy we construct, however, the Pareto set has a simple configuration
(e.g. all Pareto efficient allocations are supported by the same price vector)
precisely because preferences are not convex. Then, there are three Pareto

'Recall that when a competitive equilibrium operated from equal division of the social
endowment exists, the requirements of no-domination and Pareto efficiency are clearly
compatible. '



efficient and Pareto indifferent allocations v, w, and y exhibiting a cycle of
domination: at v, agent 1’s bundle is dominated by agent 2’s bundle, at
w, agent 2’s bundle is dominated by agent 3’s bundle, and at y, agent 3’s
bundle is dominated by agent 1’s bundle. Moreover, as soon as one or two
agents enjoy a higher welfare level than at v, w, or y, the domination of one
of these agents’ bundle over an other agent’s bundle increases too.

Proof of Theorem 1

Step 1: Notation and terminology
In order to construct the example, it will prove useful to use the following
terminology. First of all, we fix 2 = (42,50), denoting the amounts of
good to divide. Let N = {1,2,3} be the set of agents. Let R;, P, I;, i €
N, stand for agent i’s weak preference, strict preference and indifference
relation respectively over points in IRZ. Let I(R;) denote agent i’s class of
indifference curves. Let Z C R%*® denote all feasible divisions of £ among
the three agents. If z = (21, 29, 23) € Z, then 2; is called i's share at 2. Let
AC R?, Aclosed, i € N, be given. Then, m(R;, A) C IRZ denotes the set
of preferred points in A by agent ¢, that is,

m(Ri,A)={a € A:Vbe€ A aR;b}

Let j € N, and 29 € IR2 be given. Then C(R;,29) C Z denotes the set of
feasible divisions such that agent j is at least as well off as at zp, that is

C(Rj,20) = {z = (21,22, 23) € Z | z; Rj =}

Let aj,...,a;, € R?H and € € (0, ]§) be such that a;_13 < a;; — € and
ai—12 > ajg+e foralli € {2,...,m}. Then, ST(ay,...,an) is a continuous,
strictly monotonic and differentiable indifference curve satisfying the two
following properties?:

ST(ay,...,am)NU(ay,...,am) = {a1,...,am} (1)
where U(ay,...,am) ={r € R |Fi € {1,...,m} st. z <a;}, and
ST(ay,...,am)NL(ay,...,an) = {a1,...,am} (2)

where L(ai,...,am) = R2\{z € R% | 3 € {1,...,m},) € [-1,1] s. t.
2> (ai1 + A€, ai2 — Xe)}, and, by convention, ag2 = Q2 and amy1,1 = .
In the economy we construct, all elements of I(R;), i € N, are "stair-

case” indifference curves ST(ay,...,am), Where %i,...,%% denote the

2Vector inequalities: Vz, o' € R,z > ' @ ni> Vi€ {1,2},andz >z’ & c #2'
and z1 > 71Vl € {1,2}.



proportions in which this agent consumes the two goods, when her/his
marginal rate of substitution is equal to —1. The way an indifference curve
ST(ay,...,am) is constructed is illustrated in figure 1 for m = 2.

Figure 1

Finally, let H(a1,...,am) C Ri denote the lower comprehensive hull
of (ay,...,am), and He(as,...,am) C IR} the lower comprehensive hull of
small linear segments centered around the points ay, ..., an, and with a slope
equal to —1. Formally,

H(ay,...,am) = {mGRﬁ | 3ie{1,...,m} st mSai}
H(ay,...,am) = {:1:6 R |Jie{l,...,m}h e [-1,1] st
x < (@i + e, a40 — /\6)}

Step 2: Construction of the preferences
Let us begin with an informal description of, say, Rz, depicted in figure 2.
Agent 2’s indifference curves in the lower contour set of (12, 20) (or (15, 15)),
are obtained by south-west translation of her/his indifference curve through
(12,20) and (15,15)%, whereas indifference curves in the upper contour set
of (12,20) (or (15,15)) are almost obtained by a north-east translation but

3For A > 12, the arguments of ST(-,-) do no longer fit in with the definition. Indif-
ference curves are then easily obtained by simply keeping the projection of the curve on
IR?%. A similar remark holds for R; and Rs.



the two points of each indifference curve at which the marginal rates of
substitution are equal to —1 do not move to the north-east at the same
speed: the point corresponding to (15,15) moves a little bit faster than the
point corresponding to (12,20), and the “relative speed” is given by the
ratio %‘—% Agent 1’s and agent 3’s indifference curves are constructed in a
similar way. Finally note that each one of agent 3’s indifference curves has
three points at which the marginal rates of substitution are equal to —1.

20
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IR )

12 15

Figure 2

The following conditions are sufficient to define preferences R; over her/his

shares in Z.
Conditions satisfied by R;: VA € Ry,

ST((11,19) — (A, A), (14,18) = (A, 1)) € I(Ry)
103

sT((11,19) + o

(A ), (14,18) + (A, ) € I(Ry)



Conditions satisfied by Ry: VA € IR,
ST((12,20) = (A, 1), (15,15) — (A N) € I(Ry)
ST((12,20) + (A, ), (15,18) + T2 (A, ) € I(Ry)
Conditions satisfied by R3: VA € Ry,
ST ((13,17) — (A, A}(16,16) — (A, 1)(19,11) — (A, N) € I(Rs)
st (@3, 17)+%(A,,\),(16, 16) + (A, A9, 11)+%(,\,,\)) € I(Rs)

Step 3: Proof of the existence of three Pareto efficient and Pareto equiv-
alent divisions v, w, and y ezhibiting a cycle of domination
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Figure 3
Consider the divisions v, w,y € Z defined by
v= (v1,v9,v3) =((11,19),(12,20),(19,11))
w = (wy,wq, ws) = ((11,19), (15,15), (16, 16))
y= (¥,92,93) = ((14, 18), (15,15),(13,17))

5



Observe that vo > vy, w3 > wy and y; > y3. Divisions v,w,y and the
corresponding indifference curves are depicted in figure 3.

Claim 1 Divistons v,w,y are Pareto efficient for the economy
(R1, Ra, R3,92), and no other allocation is Pareto indifferent to v, w,y.

Proof of the claim: Given the terminology we have introduced above, a
division z € Z is (strongly) Pareto efficient for (Ry, Rg, R3,) if

z € m(R;, (N;%C(Rj, 7)), Vi € N. N C))
We simply check equation (3) for each agent. From (2), we obtain

(C(R2,(12,20)NC(R3,(13,17)), C Hac((8,24),(11,19),(14,18),(17,13))
and from (2) again

{(11,19), (14, 18)} = m (R, Ha.((8,24), (11,19), (14, 18), (17, 13)))
Second,

(C(R1,(11,19)NC (R, (13,17)), C Ha.((9,21),(12,20),(15,15),(18, 14))
and |

{(12,20), (15, 15)} = m (Rg, Ha((9,21), (12, 20), (15, 15), (18, 14)))
Finall,

(C(Ry,(11,19)) N C(Ry, (12,20))); C Ha((13,17),(16,16), (19,11))
and '

{(13,17),(16,16), (19,11)} = m (Rs, Ha.((13,17), (16, 16), (19,11)))

which completes the proof. [J
Step 4: A common property of all the Pareto efficient divisions for the
economy (Ry, Ry, R3,2)

Claim 2 All Pareto efficient divisions z = (z,29,23) for the economy
(Ra, Ry, R3,QY) are "translates” of one of the divisions v, w,y, that is, can
be written z; = v; + b;¢ for alli € N, or z; = w; + &;e for alli € N, or
zi=yi+6e foralli € N, withe=(1,1) and 6, + 62 + 63 = 0. '



Proof of the claim: Given (2) and the low value of €, the way we con-
structed the preferences guarantees that for all z = (z1,22,23) € Z, we
have (C(R;, ;) NC(R;, zj)),, C Hac(a1,...,am), i # j # k #i € N, for
some aj,...,am € IR. Therefore, z; ¢ int(Hac(ai,...,am)) only if y is a
translate of one of the divisions v, w,y in the above sense. [J

Note that a consequence of the claim is that the individual rates of
substitution at any Pareto efficient allocation are equal to —1.

Step 5: Characterization of the Pareto set when one and only one agent
is strictly better off than at v, w ory A
We consider first the Pareto efficient divisions where only agent 3 is strictly
better off than at v, w or y. Let the divisions v/, v/, ¥ be defined by:
A1y, A2, A3 € IRy and

= (Uiv")&’”:’;) = ('U],'Uz,’vg),-l' 100( )‘la )‘2)’\3)
w, = (wllvwéaw.{;) = (’lU],’lU2, w3) +( )‘la —’\23/\3)
v = (1, 92,9) = (¥1,92,43) + 100( A1, —A2, A3)

where A1 + Ag = 3.

We observe that vjIzuwflsyj, whereas wj Rim(Ry,{v},%;}) and
wh Ry m(Ra, {vh, ¥5}) with at least one strict preference. As a result, v,y
cannot be Pareto efficient. Moreover, by claim 2 and a similar argument as
for claim 1, we obtain that w' is Pareto efficient and no other division is
Pareto equivatent to w/'.

In conclusion, a strict increase in agent 3's welfare results in a larger
domination of her/his bundle over agent 2’s bundle.

In the same way, we can prove that a strict increase in agent 1’s (resp.
agent 2's) welfare results in a larger domination of her/his bundle over agent
3’s (resp. agent 1’s) bundle.

Step 6: Characterization of the Pareto set when two agents are striclty
better off than at v, w ory
We consider first the Pareto efficient divisions where both agents 1 and 3
are strictly better off than at v, w or y. Let the allocations v, w”, y" be
defined by: A, A3 € R4 and

(vl’ Vg, V.
103 103, 101, , 101,
- (”1’”2"""‘) + (H)—o’\ ST 100’\3)’ 100 )
103 103
w" = (w’ll’ ’2/,11)3) (w],'lUQ,'(U3)+(100)\ (100/\1 + )\3) /\3)



y” = (yil)y’zla yg) = (yl’y2vy3)+(Al’ _(’\1 + '}-g%/\(i)) 'i'g_g')G)
We observe that ofLw{ly] and ofI3wilzys,  whereas
wy Ryvy and yj Ryvj with at least one strict preference. As a result, v
is not Pareto efficient. On the other hand wj Iy <= %)\1 4+ A\ =
A+ %)\3, that is, A\ = -3/\3. Therefore, either A\ < §A3, and then,
by claim 2 and a similar argument as in claim 1, we obtain that w" is
Pareto efficient and no other division is Pareto equivalent to w”, but the
domination of agent 3’s bundle over agent 2’s bundle increases, or A1 > %)\3,
and then, by claim 2 and a similar argument as in claim 1, we obtain
that y” is Pareto efficient and no other division is Pareto equivalent to y”,
but the domination of agent 1’s bundle over agent 3’s bundle increases,
or finally Ay = %/\3, and we have two Pareto efficient Pareto equivalent
divisions w” and y"” where wj > wj or y{ > y4, and there is still some
domination. By exactly the same argument, we can show that:
- if (y1,¥2,y3) is Pareto efficient and vi Pyyi1, yo P2ve, y3 Psvs, then
A2 > 123 implies y 3> y1, whereas Ay < 3 A3 implies y3 > ys.
— if (y1,y2,y3) is Pareto efficient and ) Py vi, y2 Pava, v3 P3ys, then
Ay 2 %/\1 implies y2 > y;, whereas A\ < %/\1 implies y; > ys3.

In conclusion, there is domination at every Pareto efficient division of
the economy (R, Ry, R3,2).

End of the proof of Theorem 1

3 Concluding remarks

1) It is clear that the example in theorem 1 can be adapted to economies
with more than 2 goods?. For instance, we can replace goods 1 and 2
with composite goods made out of several goods which all the agents wish
to consume in fixed proportions (the same proportion for all) when the
individual marginal rates of substitution are all equal to —1.

2) The result can not be stated with 2 agents only. In this case in-
deed, we can always construct a Pareto efficient allocation where there is no
domination. A formal proof of this statement is given in the appendix.

3) The example in theorem 1 can be modified so as to prove that, in
production economies, as soon as there is some non-convexity in the produc-
tion set (even if the returns to scale are decreasing), we can design 2-agent
economies with convex preferences where there is domination between two

“If there is only one good, then no-domination requires to divide it equally, and the
resulting division is Pareto efficient.



bundles at every Pareto efficient allocation. Actually, Thomson ([4], chapter
4), modifying an example given by Vohra [7], already showed the incompati-
bility between the two requirements in the case of a quasi-convex production
function.

4) The no-domination criterion we have studied in this paper is a weaker
requirement than the celebrated no-envy requirement. An allocation is said
to satisfy no-envy if no agent strictly prefers the bundle assigned to another
agent to her/his own bundle. No-envy is a central concept in equity theory.
It is compatible with Pareto efficiency in .a wide range of models, but was
proven by Varian to be incompatible with Pareto efliciency in non-convex
division economies (see Varian [6]). The theorem presented above is much
stronger than Varian’s result.

On the other hand, our result stands in sharp contrast with the general
compatibility between Pareto efficiency and another central equity concept,
that is, egalitarian equivalence, proposed by Pazner and Schmeidler [2]. An
allocation is egalitarian equivalent if there exists a reference bundle to which
all agents deem their assigned bundle equivalent (giving the reference bundle
to every agent is in general not possible). The existence of Pareto efficient
and egalitarian equivalent allocations is guaranteed as soon as preferences
are continuous and strictly monotonic, and does not require any convexity
assumption (cfr Pazner and Schmeidler [2]). Egalitarian equivalence has
been criticized precisely because, when combined with Pareto efficiency, it
is incompatible with no-domination. There exist indeed convex economies
where there is domination at all Pareto efficient and egalitarian equivalent
allocations (cfr Thomson [4], Theorem 5). This criticism however is sharply
weakened by the result presented in this paper since no-domination appears
too demanding as soon as we impose Pareto efficiency anyway.

Appendix
In this appendix, we prove the following theorem:

Theorem 2 In every 2-agent division economy, there exists at least one
Pareto efficient allocation at which there is no weak domination.

We begin by introducing some notation. Let 2 € R_I; 4+ be now any vec-
tor of any number L of goods. Let R;, Ry be any continuous and weakly
monotonic preferences over RY. The definition of N, Z, and C(R;, z) are
straightforwardly adapted from the terminology used in the proof of The-
orem 1. A division z = (z1,22) € Z is weakly Pareto efficient if for all



= (2},2)) € Z,[Z{Riz; Vi€ N] = [z} I;2 for alleast one k € N].
Let WP C Z denote the set of weakly Pareto efficient divisions, and P
the set of (strongly) Pareto efficient divisions. There is weak domination
at z = (21, 22) if z; > z; for some 4,5 € N. Let D;/; C Z denote the set
of feasible allocations at which agent :’s bundle weakly dominates agent j’s
bundle.

Proof of Theorem 2
Let us first suppose that (2, 2) € WP\ P. Then, w.lo.g. there exists z =
(21,22) € P such that (z; I; £ 5 and 23 € m(Ry,Cy(Ry, 21)). By assumption,
20 P & 5, 50 that z ¢ Dy/y. But let us suppose that z € Dy/;. Therefore, by
monotonicity of preferences R,

[x€ RY and3r€0,1] st. = A—Q +(1=XNz) =[x 1]

By contmu]ty of preferences Ry, and since 29 Py & 5, there eXJSt € R + and
x € R% such that z = A% +(1- 1))z for some A€ef0,1]and I (2~ A 8).
Therefore since (z + ) P1 x, we have 2, 2) ¢ WP\ P, a contradlctlon
Let us suppose instead that (2, 2) ¢ WP. Then, by oontmmty of the
preferences, there exists z = (2,23) € P such that z; P; 3 and z P 5
which respectively imply that Cy(Ry,21)N Dyjy = @ and C1(Rg, 22) N Dyyp =
@, so that there is no weak domination at y.

End of the proof of Theorem 2
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