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In this part a simple complete contingent claims general equilibrium
model is presented. The economy is constructed so as to yield agent-specific
uncertainty—in particular, concerning the productive attributes of
workers—which generates intertemporal job mobility in equilibrium. It is
first shown that although the model is guite general in many respects, it has
one very strong testable implication: all workers earning a given wage at
some point in time have the same probability of job mobility; and this
probability is not influenced by age, tenure or present job, etc. Since the
model does not even impose restrictions sufficient to imply standard mobility
"facts"—for example, the simple correlation between labor market experience
and job mobility—there is a sense in which this prediction is the job

matching approach's most fundamental.






PART I. A FINITE STATE SPACE ECONOMY

1. Introduction

In this part a simple complete contingent claims general equilibrium
model is presented. The economy is constructed so as to yield agent-specific
uncertainty—-in particular, concerning the productive attributes of
workers—-which generates intertemporal job mobility in equilibrium. It is
first shown that although the model is quite general in many respeéts. it has
one very strong testable implication: all workers earning a given wage at
some point in time have the same probability of job mobility; and this
probability is not influenced by age, tenure or present job, etc. Since the
model does not even impose restrictions sufficient to imply standard mobility
"facts"--for example, the simple correlation between labor market experience
and job mobility--there is a sense in which this prediction is the job
matching approach's most fundamental.

Next, attention is directed towards assessing the testability of the
prediction. As the argument proceeds, it will become apparent that though the
hypothesis may be very simple, the data actually required to subject it to
test may be very difficult to obtain; some kinds of measurement error may
render the procedure vacuous. Two points are made. One is that the
prediction holds under a surprisingly general measurement error setup. The
second is that if the data generation process is assumed to be such as to
prevent empirical confrontation of the basic proposition, other types of
results--indeed some of which are familiar--might be obtained under suitable
additional restrictions. However, to do so an economy with a much larger

state space will likely prove a much more tractable setting; see Part IT.



The reader will note that a nontrivial amount of notation is required to
construct the model, and perhaps will suspect that a simpler environment might
be preferable. In this regard there are two points to be made. First, as
indicated, operating in a general setting identifies the key prediction of job
matching theory. If this result can be shown to fail empirically a whole
collection of models can be eliminated from further consideration. Second, a
variety of fairly specific settings (although not strictly specializations of
what is to follow) have already been explored; for example Jovanovic (1979,
1984), MacDonald (1982), Miller (1984) and Flinn (1986). A notable deficiency
of this entire program is that it has not been shown that the ideas central to
these models can in fact be embedded in a fully articulated economy.

The remainder of Part I proceeds as follows. The contingent claims
economy is described and its equilibrium displayed. Subsequently, the main
proposition is stated (formal demonstration appearing in the Appendix) and

the testability issues addressed.

2. Time

Time is taken to be discrete. If desired, this assumption can be
thought of as continuous time with minimum intervals within which
instantaneous rates of production and consumption cannot be adjusted. In
either case time periods are indexed by "dates” t; t €{ = {1,2,...,T},

T < o,

3. Agents

The traditional dichotomy between "consumers” and “producers” is
maintained. Here, owing to the focus on job mobility, consumers will be
re-labelled "workers”. Workers are indexed by i, i(E%C and firms by f € 7{

where X and ggrare finite sets.



4. Commodities

Commodities are differentiated according to physical characteristics,
including date of production and place of delivery. The list of different
possible physical characteristics is indexed by j; j i;?{ wherigz/is a finite
set.

Less conventional, though certainly consistent with the standard
formulation, is that the working time with which each worker i will be endowed
is treated as a separate commodity. Typically, this explicit treatment of
individual workers is not required because work time is assumed to generate a
service flow of known constant rate for all i, and these service flows are
perfect substitutes in production; i.e. total labor services purchased are
known, and are the relevant input. In what follows, the rate at which i's
time converts to productive services will not be understood with certainty,
but will exhibit intertemporal covariation. In this case, the price at which
a unit of i's time trades at any t may depend on the events which have been
observed to date, and "wage rates” might be worker-specific in the sense of
depending on i's observed history, or indeed other elements of the economy's
history.

As indicated, a variety of random influences (such as the rates at which
i's time converts to service flow) impact on the economy at each date, and
claims to acquire or supply commodities may be made contingent on those

occurrences observed at or before t. For the moment, the description of the

random events may be quite general. Let Ht be the (finite) set of events

which could be observed at date t, and ht a particular element: ht € Ht. The

t _ 1 . . . .
vector » = (h',..., ht) comprises a particular history of observations



t
made up to and including date t, and A = X H 1is the set
=1

t
of possible histories; note that A is a finite set V t €Jf). Contingent

commodities for date t are thus made contingent on histories Xt € At.

Bringing physical commodities together with the notion of histories in
the usual way, the collection of entities traded in the model is a list of
claims to receive or deliver goods at date t if and only if some particular
history Xt occurs. The price system associated with these "contingent
claims” is (pj(kt), wi(kt)) where j €4, i szc kt € At and t €0.
pj(kt) is the unit price, as of t=1, of a claim to one unit of good j
delivered at t if and only if Xt occurs. Similarly, wi(kt) is the price of a

t
claim to one unit of i's time at t if and only if A occurs.

5. Endowments

At every date and for all histories, all workers i EE?%/are endowed with

some of each commodity apart from working time.1 For simpliecity, i's
endowment of commodity j, wij > 0, will be assumed constant over both time

and histories. Similarly, i has a claim to a fraction v,_ of producer f's net

if

revenue: Vig >0V i 62/, f E?, and

Y v =1, £ € F.
i€ if

Denoting producer j's net revenue from trades in claims by Rf, i’'s share is

thus v R
if f

Not all workers have the same working life. Formally, partition';zanto



2% . v €L, that is, for ' H/ NY =o, U¥Y =%, and}/ # ¢.
T! TT T

T T

Worker i, 1 € Z/'has an endowment of L units of working time at t if
T i

and only if t E;C? = {x, 1+1,...., min(T, t+A-1)}. That is, worker i €2/
i T

may work beginning at date t, and for a total of A > 1 periods provided the
economy has not come to a halt. KJi is i's potential working life and
comprises periods during which an exogenous and multidimensional flow of
productive services (which may have many alternative uses, including household
production) emerges from the worker for a total of Li units of time. For

t ¢ in, i's time generates a service flow which is useful only in the home.

Essentially, earliest possible labor force entry and latest possible exit are

treated as exogenous. If preferred, given the preferences and technology
specified below, the model can be recast in "overlapping generations" form

with all agents in a given generation able to work at any point in their

lifetime.2

6. Worker's Preferences

The economy has a large number of contingent commodities, over which

preference must be defined. Let cij(kt) denote i's consumption of good j at t
if xt occurs, and Qi(xt) the quantity of i's working time used in home
production (or the excess over that which is exogenously allocated to home
production each period) under the same contingency. The set of
consumption/time pairs which are feasible for i taken to be:

C’i = {cij(xt) > 0, Qi(xt) >0; j 7 AFent, tem.

What are i's preferences over elements of C?i? For simplicity



it will be assumed that all individuals 1) have identical preferences; 1ii)
maximize expected utility where expectations are taken with respect to
objective probabilities, and preferences are state independent; and iii) are
risk neutral. These restrictions permit the exact form of the equilibrium
presented below to be computed easily but they are not essential to the basic
result that workers having a given wage are equally likely to change jobs.
Consequently, they are adopted in the interest of simplifying the p}esentation.
Consider a sequence of histories beginning with some hl, and computing
xt according to kt = (ht, kt—l) for some'ht € Ht; t €). wWith each such
sequence of histories, there is an associated cij(kt) and li(xt) sequence.

Under the assumptions listed above, this sequence is evaluated according to

the subutility

t t
T LT B(E) e (M) + y(t) L (N,
1
te) jEL J ; *

where 8 (t) > 0 and y(t) > 0 are the marginal utilities of the jth
J

consumption good and time respectively at date t. A good deal of clutter is

eliminated by assuming Bj(t) = pt_lﬂj and y(t) = pt_lY for some constants

, B. and Y.
pBJ Y

T T
Let (N ) be the probability with which A~ is to occur;

Y T
T T «(h) =1,
A €A
T T T
and (A ) >0 ¥V A € A . Then expected utility is given by

T t-1 t t
= A ) A + 2 (A
U I, ) % op jé Bjcij( RN



t T t+1 t
Nothing that (A ) = 3y - TX T w¢h ,...,h , A,

minor manipulation gives

t - t t
U= I S wA)p { I Be (A)+7y2R (A)}. (1)
t t jij i
te) N €A i€
7. Worker i's Budget

t
Given the price system and endowments, the set of cij(xt) and Qi(k )

which are affordable for worker i is given by those which satisfy

t t
2 ) I p. (A (M) -ow ]
t t

j ij ij
tED N €N jeL
t t
+ I ) w () OA)-L]1- 3 v R <O. (2)
t t i i i if £
te) N €A fe £
i
. . T t
8. Worker i's choice of cij(k ) and li(k )
t t t
Worker i's problem is to choose, for all t € and A" € A, ¢, .(hA)

1]

t t - t t
and 2 (A ). Let £ , ¢ (AM), ¢ (A ), and ¢ (A ) be nonnegative
i i ij i -i

t t
multipliers associated with (2), ¢, (A ) >0 and L > 2 (A ) >0
ij i i

respectively. Since 2% is a concave function, and feasibility and
affordability define a nonempty convex set (assuming Rf is not "too small”, as

will be shown to hold in equilibrium) necessary and sufficient conditions

characterizing the solution to worker i's problem are



t. t-1 t t ) t t
TP By - Ep () g (00) = 0 VteoO,Jeg/andk € A"; (3)
t t-1 t S t t
T(A)p Y-EW)+d (M) - (A)=0VYteL) andr €A ; (4)
11 -1 1 1
t t

g {1 tEt I p(A) lw  =-c (A)]
1 1 1]
telOi A e jej ) J
t t .
+ 3 ) w )L -2 ()l + § v R} =0; (5)
t i i i f€ if f
ted)i A en
t t t ot
é& (A)de (A) =0 VtepO,je%andx €A ; (6)
ij ij
t t
and ¢, (AL (A)
-1 1
t t
=0 Vt€ andr €A . (7)
1

- t t
¢ (AL - & (A)]
i 1 1

9. Evolution of History

Before proceeding to technology and producer optimization, more details
should be given regarding the stochastic structure through which xt is
generated. Producer f's problem, like worker i's, can be developed without
doing so. But following that route generates a certain amount of backtracking
later. Thus, from an expositional standpoint, a more expliecit discussion of
kt is called for at this point.

At each date t, an observation associated with worker i becomes
available. This observation is intended to be relevant (in a manner described

below) for determining i's productive traits. So for t QACZ, the observation
i

is taken to be a trivial one, labelled q. For t E/CE, observations are



generated as follows. Let Q be a random variable. There are a variety of
s

such random variables, and s indexes them; s e,df, where_dfis a finite set.

Q may take on values q , m 677[, where 47(13 a finite set.
s m

—» < inf {q } < sup {q } < =, Forée,&,let
mEYM m mEM m

The q should be thought of as comprising a complete list of all possible
m

values of a "service flow"” (more on this interpretation later) so that it is
appropriate to imagine each random variable QS to take on the same set of qm,
m Eﬂ”{, as opposed to a distinct set of values, say 9o for each s.

Data relevant to worker i are observations of either
a or Qg(i.e. depending on whether t € K?i). When Qg is observed,
observations are independent across time and workers. The main assumption is
as follows: direct information on which QS is being observed at any point is
not available to any agent. That is, for t € d:g, some value a4 is
observed, and the éms satisfy

vmeMand s EJ, 6ms > 0.

Under this assumption, no observed q, may rule out any s 6_42, and some
residual uncertainty as to which s is generating the data always remains. At
the cost of introducing a good deal of notation, this assumption can be
weakened significantly.

How is the QS relevant to any i determined? Nature assigns each i € 7¢r
an element of.4£ at the outset, and does so in the following fashion. Let S

be a random variable taking on values s EAi', with
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Prl(s =s] = ¢, ZC=1,
s s€E4d s

and >0 vse].
For each i , nature produces a single independent realization of S, S = s,
then assigns QS to worker i. The agents do not observe this process, but know
of its existence and parameters.
Given the setup, for each i €W and t € (), an observation Qi is

available, where

q t ¢ 0
1

) Q.=
i
q somemem,tGoO.
m i
t
When it is necessary to indicate the date at which Q  is observed, Q
i i

will be used. It then follows that ht = (Q;; i 652/5, and Xt is constructed
as before. ﬂ(kT) is generated in the obvious fashion. First the probability
with which XT occurs given any assignment of s to i, 1 € 9/7 is calculated.
Next, the conditioning on the assignment is removed. Specific expressions
will be given as needed.

Three points should be noted. First, this information-generation cannot
be avoided. If, for example, i chosen not to work at some t € Kja, home
production reveals Qi' This restriction is needed because its absence would
permit the economy's state space (essentially AT) to depend on choices made
in the economy. While economic activity might be organized so that which
state occurs does not affect the outcome, that the state occurs and is
observed anyway is central to the operation of the contingent claims

structure. From a practical standpoint, for the issues at hand, this
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restriction is not of great importance because economies where all agents
spend some time at work when possible will be the focus of the analysis. And
it is reasonable to suppose that all work activities generate some information
regarding productive traits.

Second, Qi is observed by all agents; no private information. As usual,
this is an assumption about individual ability to conceal information, as well
as incentives to do so. 1In any economy with a great deal of heterdgeneity, as
the one under consideration will turn out to be, incentives to conceal are
much reduced (contrast MacDonald (1980) with Riley (1976), for example).

Also, Qi will (below) be inferrable, in a straightforward way, from entities
which can plausibly be imagined to be cheaply observed by all interested
parties. Thus, for the problem at hand, absence of a major influence due to
private information would seem to be the leading case.

Third, the observation on Q, at t will be inferred from work activities
i
undertaken at t-1. Thus, by assuming some Qj = qp, rather than &, is

observed during the first period of working life, strictly it is being
supposed that pre-working life activities generate information too. Doing so
is purely a convenience which allows i to choose a first job with some
person-specific information. This assumption can be dropped with minor

inconvenience and no substantive effect.

10. Technology
Each producer f € ;Z; has access to a one output technology. Recalling
that goods j §;7/ are consumed, and assuming there are no other outputs

(intermediate goods, capital, etc.)‘?zgan be partitioned into subsets

;7f, j i;?’(with 3210 ?;f = ¢ and U ;Zf = ?Z) and f € ;?f interpreted as
J J j' b N 3

meaning that f may produce good j. A producer f € ;?fwill be called a
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"type 3" producer.

If f E‘?g purchases xi(xt) units of i's working time for use at date
t, when history is Kt, output emerges at date t+l. f's output, called Ye»
depends on the value of Qi relevant to i for period t, Q:+1. (Recall that Qi
is associated with activities at date t if observed at t+1). Thus f's output
at t+l depends on ht+1. It is temporarily convenient to express this

dependence in terms of kt+1.

t+1

Producer f's technology is as follows. If A occurs, output is given
by >
t+1 t+1 t
y( )= 3 (a +b_Q ) x (A) (8)
€W j i i

where f G‘?{, and a > 0 and b_# 0 are finite constants. Under (8),
J J J

(Kt+1)

i has a well- defined personal output if employed by f € (?gz Yif

( + b t+l xt f hich t+l be inf d £ (Xt+1) t =
aj jQi ) xi( ), from whic Qi may be inferre rom yif as Qi =

t+1 t
[yif(k )/xi(k ) - aj]/bj' The interpretation of (8) is straightforward. aj

is the instantaneous non "match” (in the sense of i-j, not specifically i-f)

specific rate of output. The match specific flow of output is given by

t+ . s e .
iji 1. That 1is, xi(kt) converts to match specific productive effort at rate
t+1
Qi ,» so all q, are in efficiency units of skill per unit of time.

Note that bj need not be positive, although it is supposed that

vj ng', inf {a + b q } > 0. The idea here is that skill is multi-
mem  j jm

dimensional and that any Q. is merely a summary measure, say the brains/
i

brawn ratio, in which case production of some goods may find a relatively more

brawn-intensive service flow useful. Interpretation of Q, as a summary
i
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measure is only required because Qi is one dimensional. The case where Qi is
a vector is fairly straightforward and makes interpretation of Qi easier, but
adds a good of notation with no extra results.

Note that a single value of Qi applies to all instants worked within the
period, irrespective of match type. This is not an additional restriction,
since a period is defined as the shortest time over which flows in the model
may not be changed. From that viewpoint, the restriction is that di is
permitted to vary on a period by period basis; i.e. that it may change as
frequently as any other entity in the model. It appears that this latter
assumption can be relaxed in two ways. It is easy to permit Qi to remain
fixed for some integer number of periods; and the value of the new results
seems accurately to reflect the marginal resource cost. More interesting, and
difficult, is to allow the random variables QS to be described by a general
stochastic process on {qm, m € }. Such can be done by specifying Qs's
(s € ) stochastic structure by a one-step transition matrix with elements
that depend on all previous Qi. This setup provides, even relative to the
current setup, a plethera of mobility behaviours, but the central result
stated below does not seem sensitive to this extension.

Note also that even though QS is chosen independently for each s, Qi
will exhibit intertemporal covariation. The information Q: =9 is useful for
determining which QS is generating the data on i, and thus affects the
probability with which Q§+1 =q, when direct conditioning on s is not
permitted. That is, Pr(Qi.:+1 = qmlls) =48, =

i ms

t+1 t . t+1l t+1
Pr(Qi = qm'IQi = qm,s), but in general Pr(Qi = qm,) # Pr(Qi =

t
qm| lQi = qm)'
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t
11. Producer f's choice of xiLL )

Producer f € 3?5 seeks to maximize the net revenue earned from the
sale of promises to deliver output and purchase working time conditional on

the various possible contingencies.

Recalling that nt - (QE; i €2/) and b= (ht, xt‘l), t > 1, use of

(8) generates f's net revenue as

t+1 t+1 t t
R= ] 2 D ) p(A Jda+bQ d-w (A) x (M)
t+1 t+l J J Ji i if

tt
tel)-{T} N €A i€A h €H (9

Note that no output can be produced at t=1, and that (9) takes into account
that there is no point in purchasing x, at t=T.
i

Necessary and sufficient conditions characterizing a (finite) maximum

. . t . P
of Rf (f € ?g, 3 E;/) subject to xif(x ) >0 are: VY i€ W, f € ??g,

t t
t e -{T}, A\ €A,

t+1 t+1 t
p (A )(a +b Q ) —w (N) + ¥
t+1 t+1 N J Jj1i i i
h €H

t
A) =0 (10)
f

t t t
where ¢ (A )x () =0 and ¢ (A ) > 0. If
if f if

i i

t+1 t+1
2 p (A )(a+bQ
t+1 t+1 J Jj 3
h € H

t
) —w (M) >0,
i i

the problem has no finite maximum.
When (10) holds with wif(kt) = 0, the interpretation is as follows.

.. - . . . t
Hiring an additional instant of i's time at t when A has occurred costs

t .
wi(k ). That unit will generate output at rate aj + bj Q§+1, for some value

t+l .
of Qi , which would permit any of a variety of (slightly larger) claims to be
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filled. The value of such marginal additions to the set of claims is what is

compared to the wage when deciding how much of i's time to purchase.

12. Equilibrium

The model is a special case of the economy studied 5y Debreu (1959).
Accordingly, it has at least one equilibrium. The point of introducing the
additional structure imposed here is that equilibrium takes on a particular
form; one in which job mobility arises as a result of worker-specific
information.

What form does the equilibrium take? For all possible histories, each

worker i has on endowment w,, > 0 of good j. Further it was assumed that no
1]

worker-firm pairing actually causes negative output (i.e. inf {a +b q } > O
meEM j Jjm

VvV j Eg{ ). It follows that under all contingencies, a positive but finite
quantity of each good j is available, and hence that workers must be willing

to demand this quantity in equilibrium. From (3) and (6), it then follows that

VteD , jeg and At e’

t-1

t t
A . - §5.p. () =0 11
(A7) p BJ ElpJ( ) (11)

Since all workers have the same nonsatiated preferences 2, and % is linear
in cij(xt) and Qi(xt), the normalization Ei = 1 may be imposed. Then (11)

gives commodity prices
t t t-1
Pi(X Y =n(\) p Bj' (12)

Substitute (12) into the equation characterizing producer f's decision rule,

(10):
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t+1 t t+1 t t
) (A ) p B (a +b Q ) - w(A)+y (A)=0.
ht+16Ht+1 i j ji i if

t t
Suppose w.f(x ) > 0. Then w (A ) is such that f prefers not to purchase
i i

any of i's time at t if kt occurs. If, looking back at (4), for this same

. t t t-1 t -t
history A (and assuming t €JJ), (A )p Y -w (M) - (M) =0, "
i i i

- t t
with ¢ (A ) > 0, i1 would wish to set ¢ (A ) = L ; i.e. not sell any
i i i

working time. Indeed, if V j Eég(

t t-1 t+1 t E+1
A)d)p Y> 3 n(A Jp B (a+bQ ),
t+1  t+l j Jj Ji
h €H

the equilibrium involves no trade of i's time given xt; that is, the least i
would accept in return for giving up some working time exceeds the most any
firm would be willing to pay.

In what follows, attention is confined to economies for which the
equilibrium involves all workers selling working time whenever they have any
to sell. A necessary and sufficient parameter restriction implying this

outcome is

t t t t+1 t+1
Vte and A €A, w(A )y < sup { 3y (A )pB (a +b Q )},
i je;/ t+1  t+1 i j ji
h €H

t
in which case the equilibrium wage involves wg} ) = 0 in (10) for some j
i

and all f € ;Z: with w'f > 0 otherwise:
3 i
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t t+1 t t+1
w () =sup { } (A )p B (a +b
J

i j€ t+1  t+1 3
I o e

Thus the equilibrium price system is given by (12) and (13). There are many

Q. )} (13)
J 1

equilibrium commodity vectors associated with these prices. However, all
share the feature that Qi(kt) = 0, and the worker sells all available working
time to the firm type jl for which wif =0, f € ?Z;. Given this lgpor

supply behavior, and noting that (13) implies Rf = 0 for all f, any feasible
cij(kt) which satisfies the budget constraint (2) with equality at the stated
prices, and for which aggregate consumption of good j equals aggregate

production for each kt, is an equilibrium allocation. (Absence of storage

possibilities is implicit in (8)).

13. Job Mobility

As time passes and successive histories unfold, workers may change jobs

in the sense of selling their working time to a type j producer in one period

1
and a type j the next. The model does not determine the assignment of

workers to firms within a collection of producers of the same type. Thus no
interproducer-intratype pattern of mobility is inconsistent with the model.
The model's predictive contract is in terms of inter-type mobility. More on
this point below.

This kind of reallocation occurs at the beginning of period t+1 t if and

only if
t+1 t t+l
argmax{ J (A d)p B (a+b Q )}
J t+1 t+1 j i ji
h €H
t+2  t+1 t+2
# argmax{ J m(A Jp B (a+bQ )}, (14)
J t+2 t+2 i j ji
h €W

in which case, at the equilibrium prices, a type j producer would be willing
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1 1
to hire i given kt but not given kt+ , and conversely for a type j firm;

J#]
It is useful to provide a characterization, which is simpler than (14),

of the circumstances under which mobility occurs. Consider the most a type j

firm would be willing to pay to hire i given kt:

t+1 t
w(A )p B (a +b Q
J 23 1]

t+1
2 . )
t+1  t+l 1
€H

h

t+1
w(\ ) t t t+1
) p m(A)B (a +b Q )
E+1  t+1 t j j 31
A €H a(\ )

t t+l t t+1
pp (X ) ) w(h  |x)(a +b Q ) from (11)

J E+1  tE41 J ji
h €H

t t+1 ¢
= pp (r )la +b E(Q, |A)]. (15)
3 joio:

Moreover, since the random variables Q , s %g{» are independent across

s
workers, E(QF+1IXt) = E(QF+1|XF), where kF = (Q},.... QF). (15) becomes6
i i i i i i
t b+l t
(AN ) [a.+b,E(Q, A) (16)
PP ) 5b4ECQy A1
Now, compare the values of (16) across j:
t t+1 t
sup {pp (A )[a +b E(Q  [X )]}
369/ J i i i
t t t+1 t
= pw(X) sup, {a B +b B E(Q [x)} (17)
J%;/ jji ii i i

Since a_, b and B, do not vary over time, it is immediate that
J J J

t+1 t
equilibrium job mobility behavior depends solely on E(Q  |X ).
i i

t
Now, for any history A,
i
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q.

£+l t
q=inf{ T q & < E(Q IN) <supf{f q3d
- s m&nm  ms i i SEY (MEM. m ms

~ ~ ~ - 7
Now consider the #(;7) functions v (Q) = a B + a B Q, where Q€lq, q].
J JJ J J -

Without loss of generality it may be assumed that for every j € 372 there is

- ~ 8
some subset of [q, q] such that j = argmax v I(Q). Call this set I .
-— J e .

h k)
Clearly U I = [q, a]. Moreover, owing to the linearity of v , I is
JE J - J J
]
a closed interval and Int I N Int I =¢ Y i, ] EgQ/See Figure 1.
3 i!
Figure 1

i
] L

Y
QN

It thus follows that at date t, worker i is hired by some producer f € ;Z;

if and only if E(Q§+1|Xi) € Ij' The intervals Ij depend on neither time nor
history, which follows from risk neutrality, the linearity of the production
processes, and the absence of type-specific shocks (say to aj). Thus mobility
can be given a very simple characterization: i moves from a type j producer

1
to a type j at the beginning period t+1 if and only if
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E+1 .t t+2,  t+1
E(Qi |xi) € Ij and E(Qi lxi ) €I,

it
An immediate and obvious implication is that a sufficient condition for

]
i and i to have the same probability of job mobility, given observation of

t
Xi and X§|. is that X; k;,, up to order. 1In that case,

t+1 t t+1 t
Pr(Qi = qmlxi) = Pr(Qil = qmlki,) (18)
.. . t+1, .t t t . !
for all m €4 . This implies E(Qi lxi) = E(Qi'lki')’ so that 1 and i are
]

t
both employed by the same firm type j. Also, define H(i, j, J , A.)

1
t+1 t+2  t+1
{(h 7| EQ. In, ) ETI,,
1 1 J

1

t+1,.t .
given E(Qi lki) € Ij}' H(e) is the set of period
t
t+1 events which cause i, given employment by j in period t, and history A ,
!
to move to j at t+l. Then (18) immediately gives equal "destination-
specific” mobility probabilities:
t, _ t+1 t+1 . .oa ! t
o..,(\,) ZPrl(Q, 7, h',”) € H(i, j, § , NI
JJ 1 1 -1 i
t ! ! t t

+1 . .. -
—i') € H(iL , j, J ,» A D] = (N,

t+1
= Pri(Q,, , h O 055 O,
]

Summing over jl gives equal unconditional odds of i (or i ) leaving j:
oj(lz).

By itself, this proposition is both trivial and, from a practical
standpoint, empirically vacuous. It is trivial because the working times of
workers who share a common personal history X; are, virtually as a matter of
definition, the same input. Since, for any history, work time has a unique
(up to rearranging among f Ef;g) best use in this model, identical inputs
will have identical mobility patterns; that is, identical sequences of best
uses. At first blush, the proposition looks very promising from an empirical
standpoint. One way to look at it is that it requires that no variable (job
tenure etc.) has any influence on the probability of changing jobs except

t . C e
Xi——a strong set of non parametric "zero restrictions”. However, to test

c . X t s s .
these restrictions directly ki must be observed in its entirety, from a
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practical standpoint ruining the hypothesis.

A more useful result can be obtained by exploiting the model’'s
structure more fully. Let Gi = wi(kg); i.e. ;i is the image of kg (*)

under w ().
i

Proposition: For almost all economies, wi = w. ©® A, = A\,

up to order.

Informally, the proposition states that workers i1 and i earn the same
wage if and only if when the wage was observed (they need not be observed
contemporaneously) they had identical (up to order) histories; in particular
they are at the same stage in their working life. And this holds except for
economies with "knife-edge’” type parameter restrictions. Put differently, as
was mentioned earlier, if i and i' have the same history, then their working
times are perfect substitutes. As a consequence they will earn the same
wage. The new part is necessity of identical histories for earning identical
wages.

While, as will be discussed below, this proposition also has its
practical limitations, it is clear that they are vastly less severe than the
requirement that x; be observed in detail.

The proof of this proposition requires an elementary but fairly long
mathematical argument, and is therefore left to the Appendix. But the basic
logic of the result can be understood easily from the following example. The

example assumes that workers begin their working life with no history other

than q, contrary to the analysis in the rest of the text. The modification

merely eliminates some algebra in this example. Some.other restrictions are
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added --for example, regarding the qm —- whose relaxation only serves to
strengthen the argument.

Suppose the length of the working life is A=3, so that workers may sell
working time on the basis of histories of length zero through 2. Let there be
just two goods, #%{S = 2, the marginal utilities of which are Bl = Bz =1.

Further, assume technologies are such that a, = a, = 1. The maximum producers

t+1 0t ~
of type j would be willing to pay at t to hire a worker with E(q. |\ ) =Q
i

is v =1+b Q, j=1,2.

The random variables generating Q are assumed to be two in number (#( )=2),
each possibly taking on values
= 0 m=1
I

1 m=2

with probabilities9

1) =38

Pr(Q1 0),

1 - Pr(Q1

Pr(Q2 =1) = 4§ 1 - Pr(Q2 0); Pr(s=1) = ¢ €(0,1).

The possible histories are then (starting at t=0).
0 1 2
Hi = {¢}, Hi = {o, 1}, Hi = {(0,0), (1,0), (0,1), (1,1)}. The

~

usual computations yield the six possible values for Q :

0
E(QQ;l ¢) =8, ¢+, -0

2 2
d T +48 (1 -2)
1 2

1
E[Q |(1)] =
1 dZ+d8 (1 -0

1 2
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§ (1 -38)X +8 (1 -872(1-0>
1 1 2 2

1
E[Q [(0)] =
i (1 - 61)C + (1 - 62)(1 -0

3 3
61 I+4 Q-0

2
E[Q (1,1}
1

2
2 2

§ZC+48 (1 -20)
1 2

2 2
E[Q |(0,1)] = E[Q [(1,0)]
1 1

2 2
§ (1l -8)+38 (1L -38)(1-20)
1 1 2 2

d (1 -8)+8AQA-8H1-20
1 1 2 2

2 2
(L -38)Z +8 (1 -48)¢
1 1 2 2

2
E[Q,I(0,0)]
i 2 2
(1 -38)X¢+ (1 -38)C
1 2

First, what restrictions on 8§ and 8 are required for two or more of
1 2

~ 0 1
the possible values of Q to equal one another? Set E(Q.I $) = E[Q_I(l)]
i i

for example. Minor manipulation gives 8§ =8 . That is, the information
1 2

Q = 1 must be equally likely for both s G,{Z. Proceeding in the same

fashion for all the other pairs gives either § =8 or 8 =1 - 62.
1 2 1

Thus, in the space if possible (¢, 8 , 8§ ) triples, the unit cube in
1 2

Figure 2, the set which generates nondistinct E(Q§+1|kt) is the three

dimensional "x".
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Figure 2

8\

[4 4
Formally, the "x" has measure O in the unit cube. Roughly speaking, if

parameters (I, & 62) were chosen at random from any continuous

1’
distribution function on the unit cube, the probability that the choice would
lie on the "x" is zero. Thus, for almost all stochastic structures (Z, 61,

~ t+1 t
62) possible the various values of Q=E(Q_ [\ ) are distinct.
i

Do these distinct values generate distinct wages? The answer is again

yes, except for a measure 0 set of bj' To see why, let the six distinct

values of Q be Q , ..., Q . For distinct wages not to emerge from this
1 6

collection, at least one of the following equalities must hold

and, j = j and k = k do not hold simultaneously.
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Each of these equalities defines a line in the set of possible b, , here equal
J

to {(bl, b2)| © > bl > -1, © > b2 > -1}. As above, this set of lines
has measure 0 in the relevant parameter set.

In summary, unless a particular set of coincidences are imposed on the
economy, all individuals earning a given wage have the same value of

t+1 .t . t s qs

E‘(Qi Iki), and the same history ki' and therefore the same probability of

mobility. 1In other words, the price at which i's time trades in the market

summarize all the economically relevant information about worker i.

14. Testability of the Basic Prediction

Consideration is first given to how the basic hypothesis could be
subjected to test. Subsequently, problems with the required methodology are
analysed.

Suppose observations on physical reality are measurements from one of
the sample paths of the equilibrium of the economy set out above. What might
be observed? It will be assumed that exogenous entities —- the parameters of
tastes (p, B., Y), endowments (L,, w,., v, ), technologies (a.,, b ), and

J i ij it J J
information (Cs, éms’ qm), as well as the outcomes of the underlying forcing
. t .
variables A -- are not directly observable. On the other hand, endogenous
variables, & , ¢,  , w,, Pp., X, , might be observed. Of course, some of these
i 1j i J if
data might reveal some of the underlying exogenous variables; Li for example.
But this fact is not relevant for the present discussion.

The underlying random variables, S and Qs' induce a joint probability

distribution for all the endogenous variables at all dates. In general, all

of recorded history represents just a single observation from one marginal

distribution (obtained by integrating out the future endogenous variables) and
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virtually no hypothesis could be rejected. However, given the independence of
assignment of Qs to workers, the marginal distribution of worker i - specific
variables summarising labor market activities (the sequence of wages and type
of producer at which i works at each t) is the same across workers, and i's
experience is independent of i"s . This outcome occurs because the Ij are
nonstochastic. Thus cross-section observations on workers can be used to
learn about this distribution. If some variables (say past wages).are not
observed, then the marginal distribution of the observed variables can be
obtained in the usual fashion provided the observation process does not depend
on the realized values of the unobserved variables.

Suppose that observations are taken at some dates t and t+l1l for a random

sample of workers i; i G?M( whereﬂV’C GU,is the sample. Minimal required
data would appear to be i) the type of firm at which each i was employed at
each date; ii) the wage at t; (iii) any other nonempty set of worker i -
specific variables at t. Examples of (iii) would be previous wages and other
aspects of the work history. Let

ei = 1 if i changed jobs between t and t+1l

0 otherwise,

wi be i's observed wage, and Zi the vector of other observed characteristics.

-~

The random sample ‘) can be used to construct the joint empirical

-~

distribution function F(©, w, z) given the independence assumptions. The

basic prediction is then F(©|w, z) = F(6|w) V z , which can be tested

-~

given F,

Several points are noteworthy. One is that observation of nontrivial
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z is necessary to confront the hypothesis; an identification condition.

Second, at this level of generality, the theory does not assert that
F(elwo) bears any particular relation to F(6|w1) for some wl #wo. However,
it can be shown that F(Olwo) = F(elwl) for some w0 # wl fails for almost all
economies. That aside, the point is that some parametric procedure, say of
the probit type, not only requires a variety of purely statistical
restrictions, but also alters the basic hypothesis unless w is perﬁitted to
enter in a very flexible manner.

There are various difficulties which might be encountered in
implementing this testing procedure.

One type of problem is generated by some of the arbitrary elements in
the model. How long is a period? How can the investigator tell when a job
change is across firm types as opposed to within? A resolution of the first
issue is not too difficult. For the phenomenon at hand, a period is the
duration of time which is required for new information to emerge. From any
given initial condition, not only is it the case that individuals having the
same wage also have the same one-period probability of switching jobs, they
also have the same k-period probability; k > 1. Consequently the
investigator need only choose a spacing of observations which can reasonably
be assumed to correspond to at least one of the model's periods. The second
problem is more difficult. The most reasonable approach would be to suppose
that no mobility occurs without some reason, and to interpret all mobility as
inter-type, seeing as the model offers no other reason for mobility. (It
should be noted here that it is possible to extend the model to allow for
temporal variation of a real business cycle variety. For example, aj can be

allowed to vary.
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While mobility patterns are altered by doing so, the basic result still
applies.) This approach essentially blurs the distinction between firms and
types. The economy can be seen as containing one large producer producing
many goods with independent production technologies, or as many producers with
differentiated products, or (as presented above), somewhere in between. The
model predicts when reallocation of working time to different activities will
occur, and it is such reallocations which are therefore properly lébelled "job
mobility™. From the empirical standpoint this issue is less difficult than it
might first seem. Suppose that certain events lead to within firm (comprising
several "types”) reallocation, which goes unobserved by the investigator, and
that other events lead to observed inter-firm mobility. While the latter is
not all the mobility which occurs, the model still implies that the wage
contains all relevant information, and hence the probability of observed
mobility depends only on the wage.

A second general type of complication involves some of the
simplifications in the model; no specific human capital, no desire for
variety, no family behavior, no costs of moving, etc. Any of the above can
plausibly be argued to influence job mobility. One response is that with
varying degrees of difficulty, these elements can be included. But in a sense
this misses the point. The whole idea of the preceding exercise was to
determine what is implied for mobility behavior by assuming that the sole
reason for changing jobs (or not doing so) is new information. Allowing for
other factors, while likely to be useful later in the study of mobility,
merely muddies waters which are already quite murky.

The most serious problem involves measurement error. If it is not

possible to determine what the wage in fact is, conditioning on the wage is
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not possible.

In one sense this issue is not problemmatic. Suppose the investigator
observes the true wage, perturbed by some random measurement error whose
probability structure does not depend on the wage and which attaches
probability to a countable set (actually any measure 0 subset of the real
numbers will do) of values; a rational-valued random variable is an example.
Then, the necessity part of the main result continues to hold. While workers
who have the same wage will have distinct observed wages, only workers who
have the same true wage can have the same observed wage (for almost all
economies). Consequently, equal observed wages again implies equal true wages
and hence identical histories.

If, on the other hand the wage is only observable in intervals, for
example, the situation may be more serious. Proceeding along the lines of the
proof of the main proposition, it can be shown that for all economies apart
from a set of small (as opposed to zero) measure, the set of wages consists of
isolated points. That is, no two wages are arbitrarily close together. Thus
if the intervals are small, workers whose wage is reported to lie within any
given interval will have the same true wage, and the result again follows.
Think of wage observations being in clumps. Just how wide the intervals can
be depends on how many types of producers there are, how often new information
emerges, etc; that is, how much information the wage must convey.

If the nature of the observation process is such that should two workers
have the same observed wage, it cannot be supposed that they have the same
true wage, the observed wage no longer summarizes all information relevant to
job mobility, and the testability of the proposition breaks down.

What can be said about this kind of environment? At the level of
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generality utilized so far, the answer seems to be "not much”. The reason is
simply that if the observed wage does not imply suitable restrictions on the
true wage, the observed wage contains too little information and there are
many ways in which the other pieces of information might make themselves
apparent. The probability of mobility, given the observed wage, may depend on
many other aspects of the worker's history (say tenure on present job) simply
because such observation are correlated with kt. However, no posiéive

results are yet available for such an environment.

In part II an infinite state space model is examined. While it
obviously does not necessarily generate the same results as a finite state
space model with suitably confounding measurement error, it does generate the
same type of results in that nonwage variables influence job mobility. The
infinite state space model appears to be a more tractable environment for

analyzing such interrelations.
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FOOTNOTES
1That every agent is endowed with some of each commodity is purely a
convenience.
2This modification is straightforward in this model because in

equilibrium, no agents will desire intertemporal trades.

T t-1 t t
. ZT 7s(A) I p I Be )+ vy (M)}
1 1
A EA teD jeg/ 3 H
= 1 2 T 1 1 1
I wth)mth,...,h|h) I {Bec (h)+ 1YL (h)}
T J 1] 1

A e i€’

T -1 T T
oo+ 3 (M) ¥ p T Bc (M) + YL (M)}
T T J 13 1
A EA teD je;{
= 13 1 1
1 1 w¢h) | {Bc (h)+ vk (h)}
h €H 3%7’ J i3] i
T -1 T T
+ ..o+ 3 w(x)p I {Bec (M) + L (M)}
T T j ij i
A EA jegz’
4
Q may be a allowed to be vector, which is more in the spirit of the
s

interpretation given below.
5
Other factors of production are ignored.

6 . . . .
(16) should be interpreted with reference to the contingent claims

+1 t-1

]
structure. Partition kt+1 into (Qz h_i , kt). where hf;l = (QETI, i e,

ioe ).
Now consider a type j producer considering hiring worker i (i.e.
demanding xif(lt) = Li) having observed kt. Claims to the subsequent output
may be sold for all Xt+1, given Xt, where the quantity of output does not
E;l, but only with Q§+1.

vary with h So for given Q§+1, the total value of

claims sold is (from (12))
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t+1 t+1 t+1 t t
(a +b Q)L )) Q. ,h , XA)p B,
j j i i t+1e t+l i -i 3

7(Q, ,h_ ,\)
t+1 t t i -1
= (a +b Q JL w(A)p B 3
J ji i j t+1 t+1 t
h € w(h )
-i -i
t+1 t t+1 t
= (a +b Q L pp (M) w(Q M)
j Jji i 3 i
t+1
Summing this expression over the possible values Q might take on
i

yields the total value of claims that might be sold, or (16) multiplied by Li
((16) is expressed per unit of i's time).

Another way to look at (16) is to note that it equals expected period
t+1 output, valued at the period t price of filled claims, and discounted, the
latter operation to reflect the fact that output does not arrive until t+1.
In equilibrium, the firm behaves as if maximizing profits from the sale only
of output, not claims (i.e. incomplete markets) assuming current date prices
of delivered goods will remain constant over time.

7For any finite set A, #(A) is the number of elements in A.

8Otherwise, type j producers will not hire at any date and can be
eliminated from the model.

9To eliminate notation 61 =1-4 and ¢ 1 -3 is utilized

2 11 22 © 21

here.
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APPENDIX

1. Proof of Proposition 1

The proof makes use of the following fact. Lebesque measure is denoted

by u, gradient by V, and zero vector by O.

Lemma: Let X be a measurable subject of ,Qn, f: X2 |} be a once
continuously differentiable function, and k € f(X) a constant.
Then

uix € X|f(x) = k} < u{x € X|V £(x) = 0}

It was established in the text that wi(kt depends nontrivially only on
t
Xi. Thus in what follows, the subscript i is suppressed. Also, since
realizations of QS are independent, it is immediate that the order of events

t t
h in any given history A 1is irrelevant.

~

t
The set of all possible histories is A = UJD A , with typical
te

~ ~ o~ ~0 ~1 ~1
element A. Define the binary relation "~" onA X A by (A ~ A ) & (M

is a permutation of A ). Let the collection {A , ..., A } be the
1 K
equivalence classes in A induced by ~; K < ». For each k=1, ..., K,
choose one arbitrary element A . Let A = {A , ..., A}, and let A
k 1 K

represent a typical element. A is the set of histories such that i) every
possible history is either equal to an element of A, or differs by a
permutation, and ii) no two histories are the same.

The wage mapping w: A |3 depends on the parameters of the economy.
The parameter space, constructed in detail below, is denoted @, with typical
element w; u Q < ©. Let Qw = {0 €Q| w: A > is one to one}.

That u Qw = u Q is to be shown.
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2 is the Cartesian product of the following sets (M is a large finite

real number):

#h
i) X [-M, M] —— the #J) - dimensional space of which the vectors

i=1
(q ; m €M) are members;
m
#d
X

i=1

ii)

{(x;meM)| x >0, § x =1} —— the [#00-1]1 x #(J) -
m m m

m
dimensional space from which the

) are taken;
ms

S

iii) {(x ; s e€d)l x > o, éd/ x =1} — the [#{) - 1] -
s s s
dimensional space from which

the ¢ are taken;
s

#5?3
iv) | 1 (0, M] —- the #(;/) - dimensional space from which the
i=
vector of taste parameters (B.;Ez/)
J

are drawn.

v) |,

i=1

#( f#(
x’qS (0, M]} X {.;76 [-M, M]} —— the 2°#g§f) - dimensional space
= 1=

from which the vector of

technology parameters
(a3 J€F5 b3 ] %7‘) are taken.
J 7/ J
Note two points here:

a) @ comprises only those parameters upon which the mapping w depends
nontrivially. The full parameter space of the economy is the
Cartesian product of Q with another finite dimensional space, say

w . . W
A. However, p = y  implies u(R x A) = u(R x A). Thus

U=y Qw is what is demonstrated.
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b) In the text several inequality restrictions involving Q are

introduced —- inf({a, + qum} > 0 —— as well as one involving
J
t t
Q x (0,M) x(0,M) ~— w(A )Yy <sup { } w(X )pB (a +b Q)}.
i J ﬁﬂ t+1 J 3 3
€H

Thus the "relevant" parameter space is that part of @ for which the

inequality restrictions are satisfied for some y and p, say Qr. It is
simple to show that 0 < yu Qr < p Q. Also, since Qr C Q and QW C
wl@ - @n Q%1 + @ n . But wi@ - @ n

1 =0ifpe=ue, andone =o°. Thus, if pQR =pn9°, n

Q, wen )

Q" = u(Qw N Qr), in which case w is one to one for almost all parameter

values satisfying the inequality restrictions. Thus demonstrating p 2 = p
LN . < e
Q 1is again sufficient.

w is the composition of two mappings: E: A » R yields E(Q|A) for any

»€A. W: R » L provides sup{a B + b_E(Q|\)} for any E(Q|N). Hence
J J 1 J

w=W?@©°E. A sufficient condition for w to be one to one is that W and E are

one to one. It therefore suffices to demonstrate that and E are one to one
off a set of measure 0 in ; u(® - Qw) = 0.
Let Qo be the Cartesian product of the sets in (i) - (iii) above, with
1

typical element mo, and  the Cartesian product of the sets in (iv) - (v),

with typical element wl; Q = Qo x Ql. The parameters of E are elements

0
w € Qo, and the parameters of W are elements wl € 91. If E fails to be
one to one only for wo € S0 C QO, and u S0 = 0, then S0 X Ql C Q and
0 1 - . . . 1 1
u(S x Q) = 0. Similarily, if W fails to be one to one for w € S5~ C
1 .
Q" and y S1 = 0, then Qo X S1 = C @ and p(Qo X Sl) = 0. Since Qw = R

0
- {(8" x Ql) U (Q0 X Sl}, u So =0 =y S1 imply u Qw = u . It thus

suffices to show that E( ) is one to one for parameters off a set of measure

0 in Qo ( Ql).
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Take E first. Let N : A » {0, 1,...,T} be the number of occurences
n

0 1 0 1
of 9. in A. Since Y A , A EA, A # A, it follows that for some m

0 1
Nm(k ) # Nm(k ). Calculation gives

N \)
ml
I é
BQIN = 3 s8¢ | ATE
- m€7ﬂqm s€d ms s Nm'(X)
4 nn 8
s' m'&y m's'

s'GAL

It is immediate that E is single-valued, in which case E is one to one if each

point in E(A) is the image of exactly one point in A. Suppose not, then for

some Xo, Xl € A,
0 1
( N (A) N (A)
m' m'
'nﬂh‘é . ‘gﬂWlé
m'e n's m
q ), dms ¢ - - = 0. (A-1)
mep m s€4 s 0 1
N (A) N (M)
] ml
Z n 4 , 4 né
! ] 1 ] I !
L~sé,<L s m' EM SZ;L s' m'e¢mm's
. 0 0 1 0 0 0
Write (A-1) as F(w ; A, A ) = 0 where F: Q x A X A-+”z, and let S (A ,

0 1

Xl) = {wo € QO|F(mo, A, A 0}. ©Note that F is continuously differ-

entiable in wo everywhere. Now, using the lemma, p So(ko, Xl) <y {wo €

0
Q |y 0 F = 0} where V 0 F is the gradient of F with respect to elements of

w w
w . A necessary condition for V F = 0 is 9F/3q = O for each m.
0 m
W

0 0 0 o
Thus p{w € Q |V oF=0}5u{w€Q|aF/aq =0 Vm &} < piw €Q |
~ m

W
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aF/aqm = 0, some m}. Fix m. A necessary condition for aF/aqm = 0 is that
0

the expression in braces in (A-1) equal zero. Call this expression G(w , A ,
0
Xl), where G: QO x AxA->R . Then u{wo € 9°|aF/aqm = 0} < piow
0 0
€EQ |G = 0}. Applying the lemma again, and proceeding as above, pfw €

Q°l 6 = 0} < uiw’ € @°| voc=0}gp{w°esz°|ac/ac =0V s ed}
~ S

w

0 0
Cufw €Q |ac/acs = 0, some s}. After rearrangement,

0 1
N (A) N (A)
m m
II é I é
3G mEI  ms e ms
aC o 1
s N (M) N (A)
2 ,¢ mos Socom s
s'G;L s' mgn ms' s'EJ/ s! m&€ ms'

in which case 3G/3{ = 0 requires the expression in square brackets to equal
s

0 0 1 0
zero. Call this expression J(w ; A, A ), where J: @ x A x A 4)Q{.
Then u{mo € QOIGG/aCS = 0, some s} < p{wo € Qo| J = 0}.

J = 0 can be rewritten

I ns' - ms'

s'éj/cs' neEM,

ms ms

IA

0 0 0 0
Applying the lemma again, u{w € Q |J = 0} < ufw € Q |V o J=0}

w

o 0 o o
wlo €9 133/¢ =0 vs® €4l < viw €@ |a3/73¢ =0, some s'}.
S S

0
N (A) N (M)

aJ ms' ms'

|
14 mE Ay’ 2\ mne’ 4
s' ms qn/ ms

Fixing s',
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0 1

v _ .

where 4“_ = {m €7M|Nm(x ) # Nm(k )}, aJ/ags, = 0 can be solved uniquely
0 0

for any & |, such that m €/)'. That is, the set of w € Q for which

ms
aJ/acs, = 0 is the graph of a single valued function. Such graphs have
measure O in the cross product of the domain and range of the function, hence

a subset of Qo.

Thus pSo(ko, Xl) = 0. Since S0 is the finite union

0 0 0 1
S= OU S(X)X))

1
(A, M)E AXA

AO#E A

0 . 0
p(S ) = 0. Thus E is one to one for parameters off a set of measure O in § .

Now consider the mapping W:|R = defined by

W(a) = sup {a B_+ b,B,a}
J J 3 JJ

where 6 € {E(Q|A)| M € A}. It has already been shown that off a set of
measure 0 in Qo, hence @, #{E(Q|M [N € A} = #(A). Thus {E(Q|N)IN € A}
can be expressed more conveniently as the finite set e = {el,...,eK} for some
K < M.

W is single valued, so verifying that it is one to one involves showing

that each w € W(e), is the image of exactly one e, € e.

Suppose not, then for some e #e , and j # j' (since neither
0 1

k k
bj = 0 nor Bj = 0 are permitted):
(afB_ +bBe )-(a B +b. B e ) =0. (A-2)
3 o jl J'l | 3! 1

JJ J 3 J° 3
k k
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1 1
Viewing (A-2) as L(w , e , e ) =0 for some L: Q X e x e *IR,. and
0 1
k k

1 1 1
defining S (e o’ e 1) fo € QL(w , e o’ e 1) = 0}, the lemma gives
k k k k

1 1 1
pS(e ,e )<ulw €Q |V N L = 0}, where V 1L is the vector of
0 1 ~

k k w w

1 1 .
partial derivatives of L with respect to w € . But aL/aaj = 0 only if

B- =07
J
which is already excluded. Thus p S'(e o’ e 1 ) = 0.
k k
1 1

Since S = ] S (e , e ),

(e , e )Eexe 0 1

0 k k
k k

it follows that
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