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Devwudfw

Wklv sdshu frqvlghuv wkh txhvwlrq ri wdflw frooxvlrq lq uhshdwhg dxfwlrqv zlwk
lqghshqghqw sulydwh ydoxhv1 PfDihh dqg PfPloodq vkrz wkdw wkh h{whqw ri
frooxvlrq lv olplwhg e| wkh dydlodelolw| ri wudqvihuv1 Li qr wudqvihuv duh srvvleoh/
wkh sulydwh lqirupdwlrq ri elgghuv suhfoxghv dq| frooxvlyh vfkhph eh|rqg elg
urwdwlrq +EUV,/ hyhq zkhq wkh fduwho kdv xqolplwhg hqirufhphqw1 Lq wkh devhqfh
ri vlgh sd|phqwv/ dv|pphwulf frqwlqxdwlrq ydoxhv lq wkh uhshdwhg jdph pd| eh d
sduwldo vxevwlwxwh iru prqhwdu| wudqvihuv1 Iru uhshdwhg dxfwlrq jdphv zlwk
frppxqlfdwlrq dqg zkhuh sod|huv revhuyh doo elgv/ d iron wkhruhp suryhg e|
Ixghqehuj hw do1 lpsolhv wkdw frooxvlyh vfkhphv ehwwhu wkdq EUV fdq eh
vxssruwhg dv vxejdph shuihfw htxloleulxp1 Lq devhqfh ri frppxqlfdwlrq/ dqg
zkhq sod|huv fdq rqo| revhuyh wkh lghqwlw| ri wkh zlqqhuv/ wkh srvvlelolwlhv iru
frooxvlrq duh pruh olplwhg1 Wklv sdshu frqvlghuv wkh srvvlelolwlhv iru frooxvlrq lq
wklv vhwxs1 Zh jlyh frqglwlrqv vxfk wkdw frooxvlrq ryhu dqg deryh EUV lv
srvvleoh1 Iru odujh qxpehu ri elgghuv dqg orz glvfrxqw udwhv/ shuihfw frooxvlrq
fdq eh dssurdfkhg1
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4 Lqwurgxfwlrq

Krz h�hfwlyho| fdq d fduwho frooxgh zkhq lwv sduwlflsdwlqj phpehuv duh khw0
hurjhqhrxvB D ixqgdphqwdo sureohp wkdw wkh fduwho pxvw ryhufrph lv krz wr
glvwulexwh wkh vxusoxv jhqhudwhg iurp frooxvlrq1 Lq wkhlu dqdo|vlv ri elgglqj
ulqjv/ PfDihh dqg PfPloodq +P)P, vkrz wkdw/ zkhq wkh ydoxhv ri fduwho
phpehuv duh sulydwh/ wkh vxffhvv lq frooxglqj dqg vsolwwlqj wklv vxusoxv lv
lqwlpdwho| frqqhfwhg wr wkh srvvlelolw| ri h{0srvw wudqvihuv1 Wrwdo vxusoxv lv
pd{lpl}hg zkhq wkh kljkhvw ydoxdwlrq elgghu jhwv wkh remhfw dqg wkh dxf0
wlrqhhu jhwv sdlg wkh uhvhuyh sulfh1 Li fduwho phpehuv fdq hqjdjh lq vlgh
sd|phqwv/ d phfkdqlvp vxfk dv kroglqj dq lqwhuqdo dxfwlrq dqg wkhq elg0
glqj dw uhvhuyh sulfh/ fdq h�hfwlyho| vxvwdlq shuihfw frooxvlrq +zh fdoo lw dq
h!flhqw frooxvlrq,1 Exw lq wkh devhqfh ri vxfk wudqvihuv/ P)P vkrz wkdw d
fduwho fdq gr qr ehwwhu wkdq kdyh doo lwv phpehuv elg wkh uhvhuyh sulfh/ wkxv
vsolwwlqj dq lqh!flhqwo| orz vxusoxv1 Pruhryhu/ hqirufhphqw sureohpv dulvh/
dv fduwho phpehuv kdyh vwurqj lqfhqwlyhv wr ghyldwh iurp wklv phfkdqlvp1

Dv srlqwhg rxw e| P)P/ elgghuv pd| suhihu wr frooxgh lpsolflwo| li wkh
ulvn ri ghwhfwlrq dqg vhyhulw| ri sxqlvkphqw ri h{solflw frooxvlrq duh vx!0
flhqwo| juhdw1 Wkhlu dqdo|vlv vxjjhvwv wkdw lq vxfk fdvh/ wkh ehvw wkdw wkh
fduwho fdq krsh iru lv d elg urwdwlrq vfkhph/ zkhuh fduwho phpehuv wdnh
wxuqv lq elgglqj lqghshqghqwo| ri wkhlu ydoxdwlrqv1 Lq wklv sdshu zh vwxg|
wkh sureohp ri frooxvlrq lq elgglqj ulqjv e| h{solflwo| prghoolqj wklv uhshdwhg
dxfwlrqv jdph1 Rxu dqdo|vlv eurdghqv wkdw ri P)P lq wzr lpsruwdqw zd|v1
Iluvw/ zh vkrz wkdw hyhq lq wkh devhqfh ri vlgh0sd|phqwv/ lpsolflw wudqv0
ihuv duh vwloo srvvleoh lq wklv uhshdwhg jdph/ dv +dv|pphwulf, frqwlqxdwlrq
htxloleuld pd| ghshqg rq wkh sdvw klvwru| ri wkh jdph1 Vhfrqg/ zh dgguhvv
h{solflwo| wkh hqirufhphqw lvvxh/ dv phpehuv ri wkh fduwho duh qrw erxqg wr
wkhlu djuhhphqwv1 Dv xvxdo lq uhshdwhg jdphv/ zh lpsrvh wkh uhvwulfwlrq rq
hqirufhphqw wkdw dq| djuhhphqw pxvw eh d vxejdph shuihfw htxloleulxp ri
wklv jdph1

Dq lpsruwdqw frqvlghudwlrq iru frooxvlrq/ lv krz pxfk lqirupdwlrq sod|0
huv qhhg lq rughu wr sod| wkh dvvrfldwhg htxloleulxp vwudwhjlhv1 E| olplwlqj
wkh lqirupdwlrq uhohdvhg/ wkh dxfwlrqhhu pd| eh deoh wr uhvwulfw frrshudwlrq1
Lq doo rxu dqdo|vlv/ zh frqvlghu htxloleuld wkdw ghshqg rqo| rq wkh lghqwlw|
ri zlqqhuv lq sdvw dxfwlrqv dqg qr lqirupdwlrq rq dfwxdo elgv1 Lw lv kdug
wr lpdjlqh wkdw vxfk lqirupdwlrq zrxog qrw eh sxeolfo| dydlodeoh1 D vhfrqg
frqvlghudwlrq lv zkhwkhu elgghuv kdyh dq rssruwxqlw| wr h{fkdqjh sulydwh
lqirupdwlrq wr frruglqdwh wkhlu elgglqj ehkdylru1 Dvvxplqj sod|huv phhw wr
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h{fkdqjh vxfk lqirupdwlrq dqg |hw duh qrw deoh wr hqjdjh lq prqhwdu| wudqv0
ihuv/ vhhpv txlwh lpsodxvleoh/ vlqfh erwk dfwlrqv zrxog hqwdlo ylrodwlrqv wr
dqwlwuxvw1 Krzhyhu/ dv P)P vkrz/ lq devhqfh ri wudqvihuv wkhuh lv qrw pxfk
wr jdlq iurp lqirupdwlrq h{fkdqjh= lpsohphqwlqj d elg urwdwlrq vfkhph grhv
qrw uhtxluh vxfk h{fkdqjh1 Lq prvw ri rxu uhvxowv/ zh dvvxph qr lqirupdwlrq
h{fkdqjh1 Sod|huv* elgglqj vwudwhjlhv duh ixqfwlrqv rqo| ri wkh klvwru| ri zlqv
dqg wkhlu rzq fxuuhqw sulydwh ydoxhv1

Dv phqwlrqhg deryh/ wkh h{lvwhqfh ri dv|pphwulf htxloleuld ri wkh uh0
shdwhg jdph lv hvvhqwldo wr vxvwdlq frooxvlrq ryhu dqg deryh elg urwdwlrq/
exw lw lv qr jxdudqwhh ri dq ryhudoo lpsuryhphqw/ vlqfh wkh dv|pphwulf frq0
wlqxdwlrq htxloleuld pd| eh dvvrfldwhg zlwk lqh!flhqwo| orz dyhudjh sd|r�v1
Wklv srlqwv wr d ixqgdphqwdo gl�huhqfh ehwzhhq prqhwdu| wudqvihuv/ dqg lp0
solflw wudqvihuv wkurxjk frqwlqxdwlrq sd|r�v= zkloh wkh iruphu kdyh qr h�hfw
rq wrwdo vxusoxv/ wkh odwwhu gr1 Li rqh frqvlghuv wrwdo h{shfwhg glvfrxqwhg
sd|r�v ri wkh jdph dv wkh fulwhuld iru udqnlqj htxloleuld/ jdlqv lq wkh �uvw
shulrg frxog eh r�vhw e| orvvhv lq wkh ixwxuh1 Lq wkh �uvw sduw ri wkh sdshu
zh surylgh vx!flhqw +dqg doprvw qhfhvvdu|, frqglwlrqv rq wkh vhw ri frqwlq0
xdwlrq sd|r�v/ vxfk wkdw wkhuh h{lvw htxloleuld wkdw lpsuryh rq frpshwlwlyh
elgglqj dqg rq d elg urwdwlrq vfkhph1 Wklv uhvxow lv jlyhq iru d odujh fodvv ri
dxfwlrqv/ zklfk zh fdoo vwdqgdug dxfwlrqv/ lq d v|pphwulf lqghshqghqw ydo0
xhv hqylurqphqw1 Zh wkhq surylgh frqglwlrqv xqghu zklfk wkhuh h{lvw vxfk
frqwlqxdwlrq htxloleuld iru �uvw dqg vhfrqg sulfh dxfwlrqv1

Ixghqehuj/ Ohylqh dqg Pdvnlq +4<<7, vkrz wkdw zkhq sod|huv kdyh ydoxhv
zlwk �qlwh vxssruw/ fdq frppxqlfdwh dqg revhuyh hdfk rwkhuv* elgv/ d iron
wkhruhp dssolhv1 Lq sdulfxodu wklv lpsolhv wkdw iru vx!flhqwo| kljk B EUV
dqg frpshwlwlyh elgglqj fdq eh lpsuryhg xsrq1 Rxu vhwxs lv pruh uhvwulfwlyh
vlqfh zh grq*w doorz iru frppxqlfdwlrq dqg elgv duh sulydwho| revhuyhg/ vr
wkhlu wkhruhp grhv qrw dsso|1

Wkh vhfrqg sduw ri wkh sdshu frqvlghuv wkh txhvwlrq ri h!flhqf|1 Dv
vhhq deryh/ lpsolflw wudqvihuv lq wkh irup ri dv|pphwulf frqwlqxdwlrq sd|r�v
duh hvvhqwldo wr vxssruw frrshudwlrq1 Wkh odujhu lv wkh vhw ri htxloleulxp
sd|r�v/ wkh ehwwhu duh wkh lqfhqwlyhv wkdw sod|huv fdq eh jlyhq lq dq| jlyhq
dxfwlrq1 \hw lq surylglqj lqfhqwlyhv iru frrshudwlrq lq d vwdjh jdph/ d frvw
lv eruqh lq whupv ri ixwxuh vxusoxv1 Zh �uvw vkrz wkdw iru dq| jlyhq glvfrxqw
idfwru/ wkhuh lv qr vxejdph shuihfw htxloleulxp wkdw dfklhyhv ixoo h!flhqf|
iru wkh fduwho1 Wkh lghd lv txlwh vlpsoh1 Dq| h!flhqw htxloleulxp pxvw jlyh
lq doo dxfwlrqv wkh remhfw wr wkh sod|hu zlwk wkh kljkhvw ydoxh/ zkr lq wxuq
pxvw sd| wkh dxfwlrqhhu qr pruh wkdq wkh uhvhuyh sulfh1 Lq d v|pphwulf
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hqylurqphqw/ wklv lpsolhv wkdw sod|huv h{shfwhg sd|r�v vkrxog eh lghqwlfdo
lq doo frpsrqhqw dxfwlrqv ri wkh uhshdwhg jdph1 Lq sduwlfxodu/ wklv lpsolhv
wkdw frqwlqxdwlrq sd|r�v diwhu dq| dxfwlrq pxvw eh wkh vdph iru doo sod|huv/
uhjdugohvv ri wkh rxwfrph ri wkdw dxfwlrq1 Exw wkhq sod|huv elg frpshwlwlyho|
lq wklv dqg hyhu| dxfwlrq1

Wkh dv|pphwulf frqwlqxdwlrq htxloleuld kdv wkh frvw ri lqh!flhqw vhohf0
wlrq= vrphwlphv elgghuv zlwk ydoxhv ehorz wkh kljkhvw rqh pxvw zlq1 Dv wkh
qxpehu ri sod|huv lqfuhdvhv/ wkh h{whqw ri wklv lqh!flhqf| ghfuhdvhv1 Rq wkh
rwkhu kdqg/ zlwk pruh sod|huv wkh lqglylgxdo lqfhqwlyhv iru frrshudwlrq duh
uhgxfhg1 Lq wkh �qdo vhfwlrq zh vkrz wkdw li zh doorz wkh qxpehu ri elgghuv
wr jurz wrjhwkhu zlwk wkh glvfrxqw idfwruc ixoo h!flhqf| fdq eh dfklhyhg lq
wkh olplw1

Wkrxjk lq jhqhudo lpsolflw wudqvihuv wkurxjk htxloleulxp sd|r�v duh ohvv
h�hfwlyh wkdq gluhfw wudqvihuv/ wkh| gr kdyh dq dgydqwdjh1 Dv P)P srlqw
rxw/ li qrq0vhulrxv elgghuv 0elgghuv zlwk }hur ydoxh iru dq| jrrg lq dq|
dxfwlrq0 fdqqrw eh h{foxghg iurp sduwlflsdwlqj lq wkh fduwho/ gluhfw wudqv0
ihuv kdyh qr xvh dqg frooxvlrq lv qrw srvvleoh1 Zkhq wudqvihuv wdnh wkh irup
ri sd|r�v dvvrfldwhg wr ixwxuh zlqv/ qrq0vhulrxv elgghuv duh dxwrpdwlfdoo|
h{foxghg1

Iru prvw ri wkh sdshu/ rxu surriv duh frqvwuxfwlyh1 Wkrxjk wklv pdnhv iru
orqjhu surriv/ dw wkh vdph wlph lw surylghv dgghg lqvljkwv lqwr wkh vwuxfwxuh
ri dv|pphwulf htxloleuld lq uhshdwhg dxfwlrqv1 Ri sduwlfxodu lqwhuhvw/ lv wkh
dv|pphwulf htxloleuld ri �uvw sulfh dxfwlrqv zklfk uholhv rq vwlfn0dqg0fduurw
w|sh ri vwudwhjlhv1 Wklv lqyroyhv d skdvh ri cfrrshudwlrq* dqg d csxqlvkphqw*
skdvh1 Iru wkh odwwhu/ zh frqvwuxfw d elgglqj zdu/ zkhuh sod|huv* elgv hyhq
h{fhhg wkhlu kljkhvw srvvleoh ydoxdwlrq1 Elgghuv hqjdjh lq wklv zdu/ dv wkh
zlqqhu lv vhohfwhg wr eh wkh sod|hu hqwlwohg wr kljkhu ixwxuh frqwlqxdwlrq
sd|r�v lq wkh cfrrshudwlyh* skdvh1 Wkh wkuhdw ri wklv zdu lv/ ri frxuvh/ zkdw
surylghv lqfhqwlyhv wr uhvwulfw elgv lq wkh cfrrshudwlyh* skdvh1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 4 zh ghvfuleh wkh edvlf vhwxs
dqg surylgh frqglwlrqv xqghu zklfk wkhuh h{lvw vxejdph shuihfw htxloleuld
wkdw lpsuryh xsrq elg urwdwlrq dqg frpshwlwlyh elgglqj1 Vhfwlrq 5 frqvlghuv
wkh txhvwlrq ri h!flhqf|1 Vhfwlrq 6 frqfoxghv1 D �qdo dsshqgl{ frqwdlqv
prvw surriv1
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5 Lpsurylqj rq Elg Urwdwlrq dqg Frpshwlwlyh Htxl0
oleulxp

Lq wklv vhfwlrq zh vwxg| elgglqj ulqjv lq uhshdwhg jhqhudo vwdqgdug dxfwlrqv
zlwk �qlwh qxpehu ri sod|huv1 Zh ehjlq zlwk ghvfulelqj wkh vhwxs dqg qrwd0
wlrq dqg wkhq suhvhqw wzr sursrvlwlrqv vwdwlqj wkdw wkhuh h{lvw phfkdqlvpv
grplqdwlqj elg urwdwlrq dqg frpshwlwlyh elgglqj +dw ohdvw xqghu vrph frq0
glwlrqv,1 Lq wkhvh phfkdqlvpv sod|huv frqglwlrq rqo| xsrq wkh lghqwlwlhv ri
zlqqhuv lq sdvw dxfwlrqv/ dv wklv lv wkh rqo| sxeolfo| dydlodeoh lqirupdwlrq1
Wkh elgglqj ulqj grhv qrw xvh dq| prqhwdu| wudqvihuv/ exw lqvwhdg fkrrvhv
dv|pphwulf frqwlqxdwlrq htxloleuld wr surylgh vlplodu lqfhqwlyhv1

514 Wkh vhwxs

Wkhuh duh � sod|huv sduwlflsdwlqj lq lq�qlwho| +frxqwdeo|, pdq| dxfwlrqv
iru vhsdudwh remhfwv1 Wkh ydoxdwlrq sod|hu � kdv iru dq remhfw lv ghqrwhg
e| ��1 Wkhvh ydoxdwlrqv duh glvwulexwhg lqghshqghqwo| dfurvv sod|huv dqg
dfurvv wlph dqg duh gudzq iurp wkh vdph vwdwlrqdu| glvwulexwlrq zlwk d
S�_�s� ixqfwlrq 8 E��c zklfk lv d frpprq nqrzohgjh1 Zh dvvxph wkdw 8 lv
frqwlqxrxvo| lqfuhdvlqj dqg wzlfh gl�huhqwldeoh/ zlwk d ghqvlw| ixqfwlrq sE��
vwulfwo| srvlwlyh ryhu lqwhuydo dfc ��o�

Dw wlph | sod|huv nqrz rqo| wkh lqglylgxdo ydoxdwlrq ri wkh jrrg fxuuhqwo|
ehlqj vrog1 Wkh sduwlflsdwlrq lq wkh dxfwlrq lv olplwhg wr wkh� sod|huv/ zklfk
lv dovr frpprq nqrzohgjh1

Doo sod|huv duh ulvn qhxwudo dqg kdyh d frpprq glvfrxqw idfwru B�
Zh ghqrwh rqh sod|hu*v h{shfwhg xwlolw| iurp d vlqjoh dxfwlrq e| %� Wkh

wrwdo h{shfwhg sd|r� lv dq h{shfwhg glvfrxqwhg vxp ri vxfk rqh0shulrg sd|0
r�v1 Zh ghqrwh lw e| ��

Doo wkh remhfwv duh vrog xvlqj vrph vwdqgdug dxfwlrq zlwk uhvhuyh sulfh
htxdo wr }hur1 Zh gh�qh wkh fodvv ri vwdqgdug dxfwlrqv dv=

Gh�qlwlrq 4 Vwdqgdug dxfwlrq lv dq| vhw ri dxfwlrq uxohv zklfk vdwlv�hv
wkh iroorzlqj 7 frqglwlrqv=

4, D ex|hu fdq pdnh dq| qrqqhjdwlyh elg1
5, Wkh ex|hu wkdw vxeplwv wkh kljkhvw elg lv dzdughg wkh jrrg1
6, Wkh dxfwlrq uxohv duh dqrq|prxv/ vr hdfk sod|hu lv wuhdwhg v|pphwul0

fdoo|1
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7, Wkhuh h{lvwv d frpprq htxloleulxp elgglqj vwudwhj|/ zklfk lv vwulfwo|
lqfuhdvlqj lq sod|huv* ydoxhv dqg zlwk }hur h{shfwhg sd|r� iru d sod|hu zlwk
ydoxh f1

Iluvw sulfh vhdohg elg dxfwlrq +ISD, dqg vhfrqg sulfh vhdohg elg dxfwlrq
+VSD, duh frpprqo| vwxglhg h{dpsohv ri vwdqgdug dxfwlrqv1

Ghqrwh e|ME|� wkh klvwru| ri wkh jdph xs wr wlph |1 Wklv klvwru| frqwdlqv
lqirupdwlrq derxw wkh elgv ri wkh sod|huv lq doo dxfwlrqv xs wr wlph | dqg wkh
klvwru| ri lghqwlwlhv ri zlqqhuv lq wkh fruuhvsrqglqj dxfwlrqv1

Ghqrwh e| �E|� wkh sxeolf klvwru| ri wkh jdph xs wr wlph |� Wklv frqwdlqv
rqo| lqirupdwlrq wkdw lv sxeolfo| dydlodeoh1 Vr hdfk sod|hu nqrzv �E|� dqg klv
rzq sdvw elgv dqg suredeo| kdv sduwldo lqirupdwlrq derxw rwkhu hohphqwv ri
ME|�4 Lq wklv sdshu zh uhvwulfw rxu dwwhqwlrq wr prghov lq zklfk �E|� frqwdlqv
rqo| wkh klvwru| ri lghqwlwlhv ri zlqqhuv +fdoohg vkruwo| d klvwru| ri zlqv iurp
qrz rq, dqg wr htxloleuld lq zklfk sod|huv frqglwlrq wkhlu vwudwhjlhv rqo| rq
�E|� dqg qrw rq dq| rwkhu lqirupdwlrq1

Wklv fdq eh sduwo| vxssruwhg e| wkh idfw/ wkdw lq pdq| vhdohg elg dxfwlrqv
qrw doo wkh elgv duh uhyhdohg h{0srvw/ exw rqo| wkh lghqwlw| ri wkh zlqqhu dqg
suredeo| wkh zlqqlqj elg ru wkh sd|phqw1

Wklv uhvwulfwlrq rq vwudwhjlhv doorzv xv wr frqvwuxfw d orzhu erxqg rq
zkdw d fduwho fdq dfklhyh zkhq pruh lqirupdwlrq lv sxeolfo| dydlodeoh15

Lq doo wkdw iroorzv zh doorz wkh sod|huv wr xvh h{whuqdo udqgrpl}dwlrq1 Li
B : �

2
c wklv udqgrpl}dwlrq frxog eh uhsodfhg e| vrph +srvvleo| frpsolfdwhg,

ghwhuplqlvwlf dowhuqdwlqj ri wkh htxloleuld wkdw jlyhv wkh vdph h{shfwhg sd|0
r�v1

Lw*v lpsruwdqw wr qrwlfh/ wkdw lq wklv vhwxs d elg urwdwlrq vfkhph +EUV, lq
hyhu| shulrg/ edvhg rq udqgrpl}dwlrq e| wkh dxfwlrqhhu fdqqrw eh vxssruwhg
dv dq htxloleulxp1 Lq vxfk d phfkdqlvp doo sod|huv duh vxssrvhg wr elg wkh
uhvhuyh sulfh dqg wkh zlqqhu lv slfnhg udqgrpo|1 Exw dv wkh sod|huv gr qrw
revhuyh hdfk rwkhuv* elgv/ ghyldwlrqv fdqqrw eh revhuyhg1 Krzhyhu/ wkhuh duh

4Iru h{dpsoh li d sod|hu elgv e dqg zlqv/ kh nqrzv wkdw doo rwkhu elgv zhuh ehorz e= Li
kh orvhv kh nqrzv wkdw wkhuh zdv dw ohdvw rqh elg deryh e= Ixuwkhupruh/ lq vrph dxfwlrqv
+olnh lq VSD, wkh sd|phqw ri wkh zlqqhu fdq ghshqg rq wkh elgv ri rwkhu sod|huv/ vr wkh
sd|phqw pd| frqyh| vrph lqirupdwlrq derxw rwkhu hohphqwv ri K+w,=

5Wkh txhvwlrq/ krz wkh dprxqw ri sxeolfo| uhohdvhg lqirupdwlrq lq xhqfhv wkh vhw ri
srvvleoh htxloleuld +dqg sduwlfxoduo| vhw ri htxloleulxp sd|r�v, lv yhu| lqwhuhvwlqj lq lwvhoi/
dv lw kdv lpsruwdqw srolf| lpsolfdwlrqv dqg zh krsh wr uhwxuq wr lw lq ixwxuh uhvhdufk1
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rwkhu zd|v wr vxssruw h{shfwhg sd|r�v htxdo wr wkrvh lq EUV/ zklfk duh
xvhg lq wkh iroorzlqj surriv1

515 Vwuxfwxuh ri lpsuryhg htxloleuld

Zh gh�qh d fduwho wr eh h!flhqw li lw pd{lpl}hv wkh vxp ri lwv phpehuv h{0
srvw sur�wv/ l1h1 li lw pdnhv wkh sod|hu zlwk wkh kljkhvw ydoxh zlq wkh remhfw6

dqg sd| wkh dxfwlrqhhu rqo| wkh uhvhuyh sulfh71
Lq wkh vhplqdo sdshu PfDihh dqg PfPloodq +4<<5,8 vkrz wkdw li wkh sdu0

wlhv fdq h{foxgh qrqvhulrxv elgghuv +zlwk ydoxhv dozd|v vpdoohu wkdq uhvhuyh
sulfh, dqg li vlgh wudqvihuv dqg frppxqlfdwlrq duh dydlodeoh/ wkh fduwho fdq
dfklhyh h!flhqf|1

P)P dovr suryh wkdw lq fdvh qr wudqvihuv duh xvhg/ ru wkh fduwho fdqqrw
h{foxgh qrqvhulrxv elgghuv/ wkh ehvw wkh frooxvlrq fdq krsh wr rewdlq lv hlwkhu
frpshwlwlyh elgglqj ru d elg urwdwlrq vfkhph +EUV, 0 wkh zlqqhu lv ghflghg
udqgrpo| dqg lqghshqghqwo| ri khu ydoxh dqg sd|v wkh uhvhuyh sulfh1 Zklfk
ri wkhvh wzr phfkdqlvpv lv ehwwhu ghshqgv rq wkh sduwlfxodu glvwulexwlrq ri
ydoxhv1

Wkhvh wzr phfkdqlvpv duh vrphkrz wzr h{wuhphv lq wkh dwwhpsw wr re0
wdlq h!flhqf|= Lq d frpshwlwlyh htxloleulxp wkh jrrg dozd|v jrhv wr wkh
sod|hu zlwk kljkhvw ydoxdwlrq/ exw wkh sd|phqw lv kljkhu wkdq wkh uhvhuyh
sulfh/ zkloh lq EUV wkh sd|phqw lv htxdo wr wkh uhvhuyh sulfh exw wkh jrrg
grhv qrw qhfhvvdulo| jr wr wkh kljkhvw elghu1

P)P vxjjhvw wkdw hyhq lq d g|qdplf jdph wkhvh phfkdqlvpv fdqqrw eh
lpsuryhg xsrq1 Dv zh vkrz qrz/ wklv revhuydwlrq ghshqgv rq wkh dvvxpswlrq
ri v|pphwulf frqwlqxdwlrq sd|r�v dqg lv qrw fruuhfw zkhq dv|pphwulf sd|r�v
duh dydlodeoh1 Zh dujxh wkdw dv|pphwulf frqwlqxdwlrq htxloleuld fdq zrun
sduwo| dv wudqvihuv lq wkhlu vhwxs1 Li wkh frqwlqxdwlrq sd|r� iru d sod|hu lv
vpdoohu zkhq kh zlqv wkdq zkhq kh orvhv/ lw fdq surylgh lqfhqwlyhv iru klp
qrw wr fkhdw rq wkh frooxvlyh djuhhphqw1

Wkh frqwlqxdwlrq sd|r�v fdq zrun dv wudqvihuv rqo| wr d fhuwdlq h{whqw1
Iluvw/ wkh dprxqw ri d ihdvleoh wudqvihu lv frqvwudlqhg e| wkh idfw wkdw wkh

6Wklv lv lpsruwdqw ehfdxvh lw lv dvvxphg wkdw h{0srvw wudgh ri wkh jrrg fdqqrw wdnh
sodfh1

7Iru pruh derxw h!flhqf| lq d g|qdplf vhwxs vhh qh{w vhfwlrq1
8Iru suhylrxv vwxglhv rq frooxvlrq lq Hqjolvk dqg Vhfrqg Sulfh Dxfwlrqv vhh iru h{dpsoh

Judkdp dqg Pduvkdoo +4<;:,/ Pdlodwk dqg ]hpvn| +4<<4,/dv zhoo dv yrq Xqjhuq0Vwhqehuj
+4<;;,1
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frqwlqxdwlrq sd|r�v pxvw fruuhvsrqg wr d VSQH ri wkh frqwlqxdwlrq jdph1
Vhfrqg/ wudqvihuv duh edvhg rq dv|pphwulf htxloleuld dqg dv|pphwu| phdqv
d orvv lq h!flhqf| ri vhohfwlrq1 Vr dowkrxjk wudqvihuv wkurxjk frqwlqxdwlrq
sd|r�v pd| doorz lpsuryhphqwv ryhu wkh frpshwlwlyh ru EUV phfkdqlvpv/
wkh| gr qrw vxssruw ixoo h!flhqf|/ dv zh h{sodlq lq Vhfwlrq 61

Ixghqehuj/ Ohylqh dqg Pdvnlq +4<<7, vkrz wkdw zkhq sod|huv kdyh ydoxhv
zlwk �qlwh vxssruw/ fdq frppxqlfdwh dqg revhuyh hdfk rwkhuv* elgv/ d iron
wkhruhp dssolhv1 Lq sdulfxodu wklv lpsolhv wkdw iru vx!flhqwo| kljk B EUV
dqg frpshwlwlyh elgglqj fdq eh lpsuryhg xsrq1 Rxu vhwxs lv pruh uhvwulfwlyh
vlqfh zh grq*w doorz iru frppxqlfdwlrq dqg elgv duh sulydwho| revhuyhg/ vr
wkhlu wkhruhp grhv qrw dsso|1

Zh ghyhors vdpsoh fduwho vfkhphv wkdw lpsuryh xsrq erwk EUV dqg frp0
shwlwlyh elgglqj lq uhshdwhg Vhfrqg dqg Iluvw Sulfh Dxfwlrqv1 Wkh dqdo|vlv
lv lq wzr sduwv1 Iluvw/ zh suryh wkdw li fhuwdlq dv|pphwulf frqwlqxdwlrq htxl0
oleuld h{lvw/ wkhq erwk EUV dqg frpshwlwlyh elgglqj duh grplqdwhg e| vrph
fduwho vfkhphv1 Wklv uhvxow dssolhv wr dq| uhshdwhg vwdqgdug dxfwlrq1 Vhfrqg/
zh frqvwuxfw h{dpsohv ri vxfk dv|pphwulf htxloleuld iru VSD dqg ISD1

Zh uhvwulfw rxuvhoyhv wr htxloleuld lq zklfk sod|huv frqglwlrq rqo| rq
wkh klvwru| ri zlqv vr lq d v|pphwulf htxloleulxp wkh h{shfwhg frqwlqxdwlrq
sd|r�v iru doo orvhuv lq wkh �uvw dxfwlrq pxvw eh wkh vdph1 Ghqrwh e| �� dqg
�2 wkh h{shfwhg frqwlqxdwlrq sd|r�v frqglwlrqdo rq zlqqlqj dqg orvlqj lq
wkh �uvw dxfwlrq uhvshfwlyho|1 Hdfk sod|hu fkrrvhv khu elg lq rughu wr vroyh=

�@%
KDf

�'EK�� � EK� n BE'EK��� n E��'EK���2� +4,

zkhuh'EK� lv suredelolw| ri zlqqlqj jlyhq elg K dqg rwkhu sod|huv* htxloleulxp
elgglqj ixqfwlrqv dqg � EK� lv h{shfwhg sd|phqw lq wkh fxuuhqw dxfwlrq jlyhq
wkh elg K� Wklv sureohp fdq eh uhzulwwhq dv=

�@%
KDf

E� � S�'EK�� � EK� n B�2 +5,

zkhuh S ' BE�2 � ���1 Li wkh frqwlqxdwlrq sd|r�v diwhu zlqqlqj dqg orvlqj
duh wkh vdph/ wkhq S ' f dqg sod|huv ehkdyh lq wkh �uvw dxfwlrq dv lq d
rqh0vkrw jdph1 Li/ krzhyhu/ wkh orvhuv duh uhzdughg zlwk kljkhu frqwlqxdwlrq
sd|r�v wkdq wkh zlqqhu/ wkhq S : f dqg wkh g|qdplf jdph lv htxlydohqw wr
d rqh vkrw jdph lq zklfk wkh vxssruw ri sod|huv* ydoxhv lv vkliwhg wr wkh ohiw
e| S�
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Orrnlqj dw wkh uhzulwwhq sureohp zh fdq vhh wkdw sod|huv zlwk uhdol}dwlrqv
� 	 S vwulfwo| suhihu wr orvh wkdq wr zlq hyhq li wkh| frxog sd| qrwklqj iru
wkh jrrg lq wkh fxuuhqw dxfwlrq1 Dv zh fdq vhh/ wkh lpsrvhg lqirupdwlrq
vwuxfwxuh ohdgv wr d yhu| olplwhg fodvv ri elgglqj ixqfwlrqv= iru d udqjh ri
ydoxhv dfc S� wkh sod|huv fkrrvh qrw wr elg dw doo +ru li irufhg wr elg wkh| elg f�
dqg iru d udqjh ri ydoxhv dSc ��o wkh elgglqj ixqfwlrqv duh vwulfwo| lqfuhdvlqj
dv lq d frpshwlwlyh htxloleulxp zlwk ydoxhv glvwulexwhg ryhu d�Sc �� � So�

Qrwlfh wkdw h!flhqw vhohfwlrq ri elgghuv wdnhv sodfh rqo| lq wkh uhjlrq ri
ydoxhv � : S� Exw zkhq doo elgghuv kdyh ydoxhv ehorz Sc qr vhohfwlrq wdnhv
sodfh1 Wkxv fkrrvlqj S lqyroyhv d wudgh0r� ehwzhhq h!flhqw vhohfwlrq dqg
sd|phqw plqlpl}dwlrq1 Wkh odujhu S lv/ wkh vpdoohu duh wkh sd|phqwv wr wkh
dxfwlrqhhu/ exw dw wkh vdph wlph wkh ohqjwk ri wkh uhjlrq ryhu zklfk sod|huv
elg f dqg gr qrw dfklhyh vhohfwlrq lqfuhdvhv1

Ohw �W eh wkh sd|r� lq d edvh v|pphwulf htxloleulxp zklfk zh vhhn wr
lpsuryh xsrq1 Jlyhq d sdlu ri dv|pphwulf frqwlqxdwlrq sd|r�v � 	 � wkdw
duh xvhg wr vxssruw wklv htxloleulxp/ slfn �2 dqg �� wr eh=

�� ' k� n E�� k��W +6,

�2 ' k� n E�� k��W

E| fkrrvlqj k zh frqwuro Sc wkh vkliw lq wkh vxssruw ri wkh ydoxhv1
Zkhq �W fruuhvsrqgv wr wkh sd|r�v iurp uhshdwhg frpshwlwlyh htxlole0

ulxp/ wkhq vhwwlqj k ' f jlyhv frpshwlwlyh elgglqj lq hyhu| shulrg1 Dv zh
vkrz lq Sursrvlwlrq 2 lqfuhdvlqj k uhvxowv lq d vhfrqg rughu orvv gxh wr gh0
fuhdvhg vhohfwlrq dqg d �uvw rughu jdlq iurp orzhu sd|phqwv wr wkh dxfwlrqhhu1
D vlplodu lghd lv xvhg zkhq �W fruuhvsrqgv wr d EUV1

Sursrvlwlrq 4 Frqvlghu dq| lq�qlwho| uhshdwhg vwdqgdug dxfwlrq zlwk �
sod|huv1 Li iru B 	 � wkhuh h{lvw dv|pphwulf htxloleuld zlwk sd|r�v �� ' �
dqg �3� ' � iru dq| � vxfk wkdw BE���� � �� dqg �

�
EE�����n�� � �

�

e�

�3B
c

wkhq wkhuh h{lvwv d v|pphwulf htxloleulxp zlwk sod|huv frqglwlrqlqj rqo| rq
wkh klvwru| ri zlqv dqg zlwk h{shfwhg sd|r�v kljkhu wkdq lq wkh uhshdwhg elg
urwdwlrq vfkhph EUV1

Surri1 Vhh Dsshqgl{1
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Sursrvlwlrq 5 Frqvlghu dq| lq�qlwho| uhshdwhg vwdqgdug dxfwlrq zlwk �
sod|huv1 Li iru B 	 � wkhuh h{lvw dv|pphwulf htxloleuld zlwk sd|r�v �� ' �
dqg �3� ' � vxfk wkdw � : �Se dqg � : � / wkhq wkhuh h{lvwv d v|pphwulf
htxloleulxp zlwk sod|huv frqglwlrqlqj rqo| rq wkh klvwru| ri zlqv dqg zlwk
sd|r�v kljkhu wkdq lq d uhshdwhg frpshwlwlyh htxloleulxp �Se�

Surri1 Vhh Dsshqgl{1

Rxu remhfwlyh lq wklv vhfwlrq kdv ehhq wr vkrz wkh h{lvwhqfh ri htxloleuld
wkdw lpsuryh ryhu wkh edvh sd|r�v +EUV dqg frpshwlwlyh htxloleulxp,1 Zh
kdyh wkxv uhvwulfwhg wkh dqdo|vlv wr vwudwhjlhv wkdw lqyroyh kljkhu h{shfwhg
vxusoxv lq wkh �uvw shulrg rqo|1 Lw lv reylrxv wkdw zh frxog lwhudwh wklv sur0
fhgxuh dfklhylqj lpsuryhphqwv lq dgglwlrqdo shulrgv lq hdfk vwhs1 Pruhryhu/
dv wkh vhw ri htxloleulxp sd|r�v lv hqodujhg/ qhz dv|pphwulf sd|r�v � dqg
� fdq eh rewdlqhg zklfk surylgh pruh h!flhqw uhzdugv dqg sxqlvkphqwv1
Fkdudfwhul}lqj wkh h{wuhph vhw lv dq lqwhuhvwlqj txhvwlrq zklfk lv eh|rqg wkh
vfrsh ri wklv sdshu1 D vwudljkwiruzdug h{whqvlrq ri wkh DSV dojrulwkp fdq
eh xvhg wr lghqwli| wklv vhw1

516 Vx!flhqw Frqglwlrqv iru Vhfrqg dqg Iluvw Sulfh
Dxfwlrqv1

Wkh sursrvlwlrqv suhvhqwhg deryh krog iru dq| vwdqgdug dxfwlrq dqg uhtxluh
sduwlfxodu frqwlqxdwlrq htxloleulxp sd|r�v1 Wklv vhfwlrq surylghv vr wkdw
vxfk frqwlqxdwlrq sd|r�v fdq eh vxssruwhg e| VSQH lq uhshdwhg Iluvw dqg
Vhfrqg Sulfh Dxfwlrqv1 Wklv lpsolhv wkdw lq d g|qdplf frqwh{w/ d zhdn
fduwho fdq frooxgh pruh h�hfwlyho| lq wkhvh dxfwlrqv wkdq lq wkh vwdwlf vhwxs
ghvfulehg lq suhylrxv olwhudwxuh1

Zh ehjlq wkh uhvxowv zlwk Vhfrqg Sulfh Dxfwlrq/ dv wkh dv|pphwulf htxl0
oleuld duh hdvlhu wr frqvwuxfw lq wkdw fdvh dqg lq jhqhudo frooxvlrq lv hdvlhu wr
vxvwdlq91

Fruroodu| 4 Lq Uhshdwhg Vhfrqg Sulfh Dxfwlrqv iru odujh hqrxjk B 	 �c
wkhuh h{lvwv d v|pphwulf htxloleulxp zlwk sod|huv frqglwlrqlqj rqo| rq wkh

9Wkh phfkdqlvpv zh sursrvh uho| rq wkh xvh ri Qdvk Htxloleuld lq zklfk sod|huv xvh
zhdno| grplqdwhg vwudwhjlhv zklfk duh vlpsoh wr frqvwuxfw1 Dv zloo eh fohdu lq wkh glv0
fxvvlrq ri ISD lw lv srvvleoh wr frqvwuxfw rwkhu vx!flhqw dv|pphwulf htxloleuld zlwkrxw
uho|lqj rq wkhvh QH1
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klvwru| ri zlqv zlwk sd|r�v kljkhu wkdq lq wkh uhshdwhg elg urwdwlrq vfkhph
EUV1

Surri1 E| wkh deryh sursrvlwlrq zh rqo| qhhg wr vkrz wkdw zh fdq frqvwuxfw
wkh dv|pphwulf frqwlqxdwlrq htxloleuld1 Frqvlghu wkh iroorzlqj dv|pphwulf
elg urwdwlrq vfkhph1 Fdoo sod|hu � wr eh h{foxghg sod|hu dqg doo rwkhu sod|huv
wr eh lqfoxghg sod|huv1

Ehiruh hdfk dxfwlrq rqh ri wkh lqfoxghg sod|huv lv fkrvhq wr eh wkh zlqqhu1
Kh elgv �� lq wkh jlyhq dxfwlrq dqg doo rwkhu sod|huv +lqfoxglqj wkh h{foxghg
rqh, elg f� Wklv vhw ri vwudwhjlhv frqvwlwxwhv d Qdvk Htxloleulxp lq hdfk
vwdjh jdph vr lw jhqhudwhv d VSQH1 Lq wklv htxloleulxp wkh h{shfwhg sd|r�
iru wkh h{foxghg sod|hu lv � ' f� Wklv htxloleulxp lv v|pphwulf iru wkh ���
lqfoxghg sod|huv dqg wkh h{shfwhg sd|r� iru dq| ri wkhp lv= � ' �

�3B

e�

�3�
�

Qrz ohw*v yhuli| wkh frqglwlrqv ri wkh sursrvlwlrq1
Fohduo| �

�
EE�����n�� ' �

�

e�

�3B
� Ixuwkhupruh BE���� ' B

�3B

e�

�3�
jurzv

wr lq�qlw| dv B jurzv wr �� Vr wkhuh h{lvwv Bf 	 � v1w1 BE� � �� � �� iru doo
B � Bf�

Fruroodu| 5 Iru dq| B : f lq Uhshdwhg Vhfrqg Sulfh Dxfwlrqv wkhuh h{lvwv
d v|pphwulf htxloleulxp zlwk sod|huv frqglwlrqlqj rqo| rq wkh klvwru| ri zlqv
dqg zlwk sd|r�v kljkhu wkdq lq uhshdwhg Frpshwlwlyh Htxloleulxp �Se li � ' 2
ru � lv odujh1

Surri1 Djdlq/ lw*v vx!flhqw wr vkrz wkdw wkhuh h{lvw dv|pphwulf htxlole0
uld vdwlvi|lqj wkh frqglwlrqv ri Sursrvlwlrq 51 Wdnh vlpso| wkh htxloleulxp
frqvwuxfwhg lq wkh deryh fruroodu|= � ' �

�3B

e�

�3�
dqg � ' f 	 �Se� Wr vkrz

wkdw � : �Se qrwlfh wkdw iru � ' 2c d sod|hu wkdw dfklhyhv � zlqv lq hyhu|
dxfwlrq zkloh wkh rwkhu qhyhu zlqv1 Vr fohduo| � : �Se : �� Ixuwkhupruh/
qrwlfh wkdw �� ghfuhdvhv lq � wr e�

�3B
zkloh ��Se ghfuhdvhv lq � wr }hur1 Vr

iru odujh � djdlq � : �Se : ��

Fruroodu| 6 Iru vx!flhqwo| odujh B lq Uhshdwhg Vhfrqg Sulfh Dxfwlrqv zlwk
� : 2 sod|huv wkhuh h{lvwv d v|pphwulf htxloleulxp zlwk sod|huv frqglwlrqlqj
rqo| rq wkh klvwru| ri zlqv dqg zlwk sd|r�v kljkhu wkdq lq uhshdwhg Frpshw0
lwlyh Htxloleulxp /�Se�

Surri1 D ghwdlohg surri lv suhvhqwhg lq wkh dsshqgl{1 Wkh uhdvrq wkh fdvh
� :5 lv gl�huhqw iurp � ' 2 lv wkdw zkloh iru � ' 2 zh kdyh �

�3B

e�

�3�
:
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�SeE�� wklv lqhtxdolw| grhv qrw qhfhvvdulo| krog iru lqwhuphgldwh �� Vr zh
frqvwuxfw dq dowhuqdwlyh dv|pphwulf htxloleulxp= lq wkh �uvw dxfwlrq rqo|
� � � sod|huv sduwlflsdwh elgglqj frpshwlwlyho| +wkh uhpdlqlqj sod|hu lv
fdoohg wkh h{foxghg rqh, dqg lq doo uhpdlqlqj dxfwlrqv wkhuh lv frpshwlwlyh
elgglqj dprqj doo sod|huv1 Wklv pdnhv � mxvw d olwwoh elw kljkhu wkdq �Se/
zklfk lv doo wkdw lv qhhghg iru Sursrvlwlrq 51 Wkh uhdvrq B qhhgv wr eh odujh
lv wr surylgh vrph sxqlvkphqw lq fdvh wkh h{foxghg sod|hu elgv dqg zlqv lq
wkh �uvw dxfwlrq1

Wkh uhvxowv iru Iluvw Sulfh Dxfwlrqv duh pruh lqyroyhg/ dv frqvwuxfwlrq
ri dv|pphwulf htxloleuld lv pruh frpsolfdwhg1 Wkh iroorzlqj wzr ohppdv
surylgh xv zlwk vx!flhqw dv|pphwulf htxloleuld1

Ohppd 4 Frqvlghu dq lq�qlwho| uhshdwhg Iluvw Sulfh Dxfwlrq1 Ghqrwh e|
%SeE�� wkh h{shfwhg sd|r� iurp d vlqjoh dxfwlrq zkhq wkhuh lv frpshwlwlyh
elgglqj ehwzhhq � sod|huv1 Li wkh vlqjoh shulrg sd|r� iurp EUV/ �

�
e� :

%SeE�� wkhq iru odujh hqrxjk B wkhuh h{lvw dv|pphwulf htxloleuld lq uhshdwhg
�uvw sulfh dxfwlrqv/ vxfk wkdw wkh vwudwhjlhv ghshqg rqo| rq wkh klvwru| ri
zlqv dqg zlwk h{shfwhg sd|r�v �� ' � dqg �3� ' � vdwlvi|lqj wkh frqglwlrqv
ri Sursrvlwlrq 41

Surri1 +Vnhwfk, D ghwdlohg surri lv suhvhqwhg lq wkh Dsshqgl{1 Zh frqvwuxfw
d fodvv ri dv|pphwulf elg urwdwlrq vwudwhjlhv dqg zh vkrz wkdw iru odujh B
wkh| irup d VSQH1 Wkhq zh vkrz wkdw lq idfw iru dq| ��dqg odujh B zh fdq
fkrrvh vxfk dq htxloleulxp wr vdwlvi| BE� � �� : ���

Zh qrz ghvfuleh dv|pphwulf elg urwdwlrq vwudwhjlhv1 Ohw A eh d srvlwlyh
lqwhjhu1 Ehiruh hdfk ri wkh �uvw A E���� dxfwlrqv rqh ri wkh sod|huv dfklhylqj
� lv fkrvhq wr eh wkh vroh elgghu1 Wkhq wkh sod|hu wkdw lv wr rewdlq� lv fkrvhq
wr eh wkh vroh elgghu lq shulrgv A E����n� wr A� dqg wkh phfkdqlvp vwduwv
ryhu1 Vr hyhu| sod|hu zlqv rq dyhudjh wkh vdph qxpehu ri dxfwlrqv dqg wkh
dv|pphwu| lv dfklhyhg e| wkh idfw wkdw rqh sod|hu kdv wr zdlw A E� � ��
ehiruh kdylqj fkdqfh wr zlq1 Wkh h{whqw ri wklv dv|pphwu| lqfuhdvhv lq A�
Ilqdoo|/ wr suhyhqw fkhdwlqj zh xvh wkh wkuhdw ri vzlwfklqj wr frpshwlwlyh
elgglqj iruhyhu1 Wr pdnh wklv d vx!flhqw ghwhuuhqw zh qhhg B wr eh odujh
hqrxjk1

Ohppd 5 Frqvlghu dq lq�qlwho| uhshdwhg Iluvw Sulfh Vhdohg Elg Dxfwlrq
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zlwk � � � sod|huv:1 Iru odujh hqrxjk B wkhuh h{lvw dv|pphwulf htxloleuld
vxfk wkdw wkh vwudwhjlhv ghshqg rqo| rq wkh klvwru| ri zlqv dqg wkh htxloleulxp
sd|r�v duh �� ' � dqg �3� ' �c v1w1 � : �Se : ��

Surri1 Vhh Dsshqgl{ iru wkh ghwdlohg surri1
Dorqj wkh htxloleulxp sdwk wkh phfkdqlvp orrnv wkh vdph dv wkh rqh lq

Fruroodu| 6= Lq wkh �uvw dxfwlrq rqh sod|hu vwd|v rxw zkloh wkh uhpdlqlqj
� � � sod|huv elg frpshwlwlyho|1 Iurp wkh vhfrqg dxfwlrq rq doo sod|huv elg
frpshwlwlyho|1 Wkh gl!fxow sduw lv wr surylgh lqfhqwlyhv iru wkh rqh h{foxghg
sod|hu qrw wr sduwlflsdwh lq wkh �uvw dxfwlrq1 Lq wkh fdvh ri VSD zh frxog
xvh uhshdwhg dv|pphwulf QH lq zklfk d ghyldqw jhwv }hur sd|r� iruhyhu exw
lq ISD wklv htxloleulxp grhv qrw h{lvw1 Lq wkh suhylrxv ohppd zh xvhg dv d
wkuhdw vzlwfklqj wr frpshwlwlyh htxloleulxp iruhyhu1 Khuh lw lv qrw vx!flhqw
dv sod|huv vzlwfk wr frpshwlwlyh elgglqj lq wkh qh{w shulrg hyhq li qrerg|
ghyldwhv1

Wr �qg dq htxloleulxp zlwk sd|r�v orzhu wkdq lq frpshwlwlyh htxloleulxp
zh frqvwuxfw d vwlfn dqg fduurw �elgglqj zdu� htxloleulxp1 Krzhyhu/ wklv lv
qrw d frqyhqwlrqdo rqh1 Wkh vwlfn skdvh +wkh elgglqj zdu, uhtxluhv wkdw sod|0
huv elg pruh djjuhvvlyho| wkdq lq d frpshwlwlyh htxloleulxp iru d shulrg ri
wlph1 Lq wkh vwdqgdug dssolfdwlrq ri vwlfn dqg fduurw vwudwhjlhv vxfk ehkdylru
lv vxvwdlqhg e| wkh wkuhdw ri uhvwduwlqj wkh vwlfn skdvh zkhq vrpherg| ghyl0
dwhv1 Exw lq rxu vhwxs doo zh revhuyh lv wkh lghqwlw| ri wkh zlqqhu/ vr sod|huv
fdqqrw whoo li doo duh elgglqj dv kljk dv wkh| duh vxssrvhg wr1 Wr lqwurgxfh
wkh uljkw lqfhqwlyhv iru kljk elgglqj zh pdnh wklv zdu d wrxuqdphqw iru wkh
fduurw= Rqfh wkh zdu lv �qlvkhg rqh sod|hu lv fkrvhq wr jhw wkh fduurw; dqg
wkh suredelolw| ri ehlqj wkh oxfn| rqh lv sursruwlrqdo wr wkh qxpehu ri zlqv
gxulqj wkh zdu skdvh1 Wklv pdnhv sod|huv elg djjuhvvlyho| gxulqj wkh zdu qrw
rqo| iru wkh vdnh ri fxuuhqw jdlqv exw dovr wr lpsuryh wkhlu fkdqfhv ri zlqqlqj
wklv wrxuqdphqw1 Dv|pphwulf ydoxhv fdq eh jhqhudwhg dqg rqh sod|hu fdq eh
sxqlvkhg zlwk wklv elgglqj zdu e| h{foxglqj klp iurp wkh wrxuqdphqw1

Zh duh qrz uhdg| wr vwdwh wkh fruroodulhv=

:Zkhq Q @ 5 wkh suhvhqwhg phfkdqlvp grhv qrw zrun/ ehfdxvh wkhuh duh qrw hqrxjk
sod|huv wr �frpshwh iru wkh fduurw�1 Lq wkdw fdvh h{lvwv d yhu| vlplodu phfkdqlvp lq zklfk
wkh sod|huv frqglwlrq rq wkh klvwru| ri zlqv dqg rzq elgv1 Ghwdlov duh dydlodeoh iurp wkh
dxwkruv xsrq uhtxhvw1

; l1h1 wkh sod|huv vzlwfk wr dq htxloleulxp lq zklfk wklv sduwlfxodu sod|hu kdv kljkhu
sd|r� wkdq rwkhuv 0 iru h{dpsoh e| doorzlqj klp wr zlq d ihz dxfwlrqv zlwkrxw frpshwlwlrq1
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Fruroodu| 7 Lq Uhshdwhg Iluvw Sulfh Dxfwlrqv zlwk odujh hqrxjk B 	 �c wkhuh
h{lvw d v|pphwulf htxloleulxp zlwk sod|huv sxeolfo| revhuylqj rqo| wkh klvwru|
ri zlqv dqg zlwk sd|r�v kljkhu wkdq lq uhshdwhg frpshwlwlyh htxloleulxp<1

Surri1 Wkh surri iroorzv lpphgldwho| iurp Sursrvlwlrq 5 dqg wkh deryh
ohppd1

Fruroodu| 8 Lq Uhshdwhg Iluvw Sulfh Dxfwlrqv zlwk odujh hqrxjk B 	 �c wkhuh
h{lvwv d v|pphwulf htxloleulxp zlwk sod|huv sxeolfo| revhuylqj rqo| wkh klvwru|
ri zlqv dqg zlwk sd|r�v kljkhu wkdq lq wkh uhshdwhg elg urwdwlrq vfkhph EUV1

Surri1 Li �
�
e� 	 %SeE��c wkhq wkh EUV lv grplqdwhg e| wkh frpshwlwlyh

htxloleulxp1 Li �
�
e� ' %SeE��c wkhq EUV lv grplqdwhg li dqg rqo| li wkh frp0

shwlwlyh htxloleulxp lv1 Dv vkrzq lq wkh suhylrxv fruroodu|/ wkh frpshwlwlyh
htxloleulxp lv grplqdwhg iru odujh hqrxjk B� Ilqdoo| li �

�
e� : %SeE�� zh fdq

xvh Sursrvlwlrq 4 dqg Ohppd 4 wr vkrz wkh h{lvwhqfh ri ehwwhu htxloleuld
wkdq EUV1

Wklv �qlvkhv rxu uhvxowv rq wkh h{lvwhqfh ri ehwwhu htxloleuld wkdq EUV
dqg frpshwlwlyh elgglqj lq uhshdwhg dxfwlrqv1

6 H!flhqf| ri wkh Fduwho

Lq wkh suhylrxv vhfwlrq zh kdyh vkrzq wkdw li sod|huv duh vx!flhqwo| sdwlhqw/
wkhuh h{lvw VSQH wkdw grplqdwh erwk frpshwlwlyh elgglqj dqg elg urwdwlrq
vfkhphv hyhq li wkh sod|huv gr qrw xvh vlgh wudqvihuv dqg revhuyh rqo| wkh
lghqwlwlhv ri zlqqhuv exw qrw wkh vxeplwwhg elgv1 Wklv vhfwlrq frqvlghuv wkh
txhvwlrq ri h!flhqw frooxvlrq1 Zh ehjlq wklv vhfwlrq zlwk d jhqhudo sursr0
vlwlrq/ wkdw frq�upv d uhvxow ri PfDihh dqg PfPloodq +4<<5,/ wkdw lq dq|
uhshdwhg vwdqgdug dxfwlrq dq| fduwho fdqqrw rewdlq h!flhqf| xqohvv lw xvhv
vlgh sd|phqwv1 Wkhq zh vkrz wkdw wkhuh h{lvw phfkdqlvpv wkdw duh dv|ps0
wrwlfdoo| h!flhqw dv wkh qxpehu ri sod|huv jurzv wr lq�qlw| dqg wkh glvfrxqw
idfwru jurzv wr rqh1

Wrwdo vxusoxv ri wkh fduwho lv pd{lpl}hg zkhq lq hyhu| dxfwlrq wkh kljkhvw
ydoxdwlrq elgghu jhwv wkh remhfw dqg wkh dxfwlrqhhu jhwv sdlg wkh uhvhuyh
sulfh1 Li fduwho phpehuv fdq hqjdjh lq vlgh sd|phqwv/ d phfkdqlvp vxfk dv
kroglqj dq lqwhuqdo dxfwlrq dqg wkhq elgglqj wkh uhvhuyh sulfh/ fdq h�hfwlyho|

<Iru Q � 6 lw*v vx!flhqw wkdw wkh sod|huv frqglwlrq wkhlu vwudwhjlhv rqo| rq wkh sxeolf
vljqdo1 Iru Q @ 5 wkh| frqglwlrq dovr rq wkhlu rzq elgv1
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vxvwdlq shuihfw frooxvlrq1 Vxfk d phfkdqlvp uhtxluhv suh0sod| frppxqlfdwlrq
dqg vlgh sd|phqwv1 Lq devhqfh ri gluhfw vlgh sd|phqwv/ lpsolflw wudqvihuv lq
wkh irup ri dv|pphwulf frqwlqxdwlrq sd|r�v duh hvvhqwldo wr vxssruw vxfk
frrshudwlrq1 Wkh odujhu lv wkh vhw ri htxloleulxp sd|r�v/ wkh ehwwhu duh
wkh lqfhqwlyhv wkdw sod|huv fdq eh jlyhq lq dq| dxfwlrq1 \hw lq surylglqj
lqfhqwlyhv iru frrshudwlrq lq d vwdjh jdph/ d frvw lv eruqh lq whupv ri ixwxuh
vxusoxv1 Dv vkrzq ehorz/ wklv uhvxowv lq wkh lpsrvvlelolw| ri h!flhqw frooxvlrq1

Sursrvlwlrq 6 Frqvlghu dq| lq�qlwho| uhshdwhg vwdqgdug dxfwlrq zlwk � �
2 sod|huv dqg zlwk dq| glvfrxqw idfwru B 	 �/ zkhuh sod|huv revhuyh +dqg
khqfh fdq frqglwlrq xsrq, wkh elgv iurp doo suhylrxv dxfwlrqv dqg fdq phhw
ehiruh hdfk dxfwlrq wr frruglqdwh wkh elgv/ exw gr qrw xvh vlgh wudqvihuv1 Wkhuh
grhv qrw h{lvw d frooxvlyh phfkdqlvp wkdw dfklhyhv h!flhqw frooxvlrq1

Surri1 Vxssrvh wkdw vxfk phfkdqlvp h{lvwv1 H!flhqf| lpsolhv wkdw wkh
h{shfwhg sd|r� iurp dq| vlqjoh dxfwlrq wr dq| sod|hu diwhu dq| klvwru| ri
wkh jdph lv wkh vdph1 Frqvlghu wkh �uvw dxfwlrq1 E| h!flhqf| lq dxfwlrqv
wzr wr lq�qlw| wkh frqwlqxdwlrq sd|r�v duh lqghshqghqw ri wkh ehkdylru lq
fxuuhqw dxfwlrq1 Khqfh wkh g|qdplf vwuxfwxuh grhv qrw lq xhqfh wkh lqfhq0
wlyhv lq wkh fxuuhqw dxfwlrq1 Frqvhtxhqwo|/ wkh vwudwhjlhv duh wkh vdph dv lq
d rqh vkrw jdph dqg wkh rqo| htxloleulxp lq zklfk wkh sod|hu zlwk kljkhvw
ydoxh rewdlqv wkh jrrg lv wkh frpshwlwlyh htxloleulxp/ dv vkrzq lq PfDihh
PfPloodq +4<<5,/ frqwudglfwlqj ixoo h!flhqf|1

UhpdunDwkh| dqg Edjzhoo +4<<<, vwxg| d vlplodu sureohpzkhuh sod|huv
fdq frppxqlfdwh ehiruh hdfk dxfwlrq1 D glvwlqjxlvklqj ihdwxuh ri wkhlu vhwxs
lv wkdw sod|huv kdyh rqo| wzr srvvleoh ydoxdwlrqv1 Dv d frqvhtxhqfh/ gl�huhqw
glvwulexwlrqv ri wrwdo vxusoxv ehwzhhq wkh sod|huv dorqj wkh Sduhwr iurqwlhu
fdq eh dfklhyhg e| d fkrlfh ri vkdulqj uxohv lq fdvh ri wlhv1 Wklv lq wxuq doorzv
iru d vfrsh ri frvwohvv wudqvihuv dqg khqfh ixoo h!flhqf| fdq eh vxssruwhg iru
vx!flhqwo| odujh B�

614 Dv|pswrwlf Ixoo H!flhqf|

Lq wklv vhfwlrq zh hvwdeolvk wkdw dv wkh qxpehu ri sod|huv dqg wkh glvfrxqw
idfwru jurz wkhuh h{lvw frooxvlyh vfkhphv wkdw duh dv|pswrwlfdoo| h!flhqw1
Wkhvh phfkdqlvpv h{lvw hyhq li wkh sod|huv fdqqrw frppxqlfdwh wr frruglqdwh
elgv dqg revhuyh rqo| wkh lghqwlw| ri zlqqhuv1 Iru frqyhqlhqfh/ zh uhvwulfw
rxu dqdo|vlv wr wkh fdvh ri vhfrqg sulfh dxfwlrqv1



Elgglqj Ulqjv lq Uhshdwhg Dxfwlrqv 48

Gh�qlwlrq 5 D phfkdqlvp lv dv|pswrwlfdoo| h!flhqw li iru dq| R 	 � dqg
0 : f dqg ^ : f zh fdq �qg � dqg B 	 � odujh hqrxjk vxfk wkdw lq hyhu|
dxfwlrq=

41 Wkh jrrg lv dozd|v rewdlqhg e| vrph elgghu1

51 Wkh zlqqhu sd|v dw prvw ^�

61 Zlwk suredelolw| juhdwhu ru htxdo wr Rc wkh zlqqhu kdv ydoxdwlrq dw ohdvw
htxdo wr �E�� � 0 c zkhuh �E�� ghqrwhv wkh kljkhvw ri wkh sod|huv* ydoxhv
+uhdol}dwlrq ri wkh �uvw rughu vwdwlvwlf iurp � sod|huv iru wkh jlyhq
dxfwlrq,143

Zh �uvw ghvfuleh lqirupdoo| wkh frooxvlyh vfkhph xvhg1 Dv vhhq deryh/
lq uhshdwhg Vhfrqg Sulfh Dxfwlrqv/ li wkh sod|huv fdq frqglwlrq rqo| rq wkh
klvwru| ri zlqv/ wkh elgglqj ixqfwlrqv lq prvw htxloleuld duh ri wkh irup
K ' �� S iru � � S dqg li rwkhuzlvh/ wkh elg lv htxdo wr f ru wkh elgghu grhv
qrw sduwlflsdwh1

Wkh phfkdqlvp zh sursrvh lv vxfk wkdw S lv odujh dqg forvh wr ��� Li d
sod|hu elgv d srvlwlyh qxpehu wkhq kh kdv ydoxh forvh wr �� dqg wkh zlqqhu
qhyhu sd|v pruh wkdq �� � Sc zklfk lv vpdoo1 Dq| jlyhq sod|hu txlwh vhogrp
kdv d ydoxh deryh Sc exw li zh doorz iru d odujh qxpehu ri srwhqwldoo| elgglqj
sod|huv/ zlwk kljk suredelolw| dw ohdvw rqh ri wkhp grhv1

Wkh phfkdqlvp zrunv lq wkh iroorzlqj zd|1 Dw dq| jlyhq srlqw lq wlph/
frqglwlrqdo rq wkh klvwru| ri wkh jdph/ wkhuh lv d vhw ri sod|huv zkr duh
vxssrvhg wr sduwlflsdwh lq wkh dxfwlrq dqg d vhw ri sod|huv wkdw vkrxog qrw
sduwlflsdwh1 Fdoo wkhp lqfoxghg dqg h{foxghg sod|huv fruuhvsrqglqjo|1 Rxw
ri wkh lqfoxghg sod|huv rqh lv fkrvhq udqgrpo| wr eh wkh vxuh elgghu1

Li dq h{foxghg sod|hu zlqv dq dxfwlrq/ wkh frqwlqxdwlrq htxloleulxp lv wkh
zruvw srvvleoh iru klp +jlyhv klp sd|r� f lq hdfk ixwxuh dxfwlrq 0 wkh zruvw
srvvleoh sxqlvkphqw lq VSD,1 Dq| lqfoxghg sod|hu fdq vxeplw dq| elg1 Wkh
zlqqhu ri wkh jlyhq dxfwlrq ehfrphv h{foxghg iru wkh qh{w A 	 � dxfwlrqv1
Li wkhuh lv qr zlqqhu/ wkh vxuh elgghu ehfrphv h{foxghg1

43Wklv lv qrw wkh rqo| srvvleoh gh�qlwlrq ri dv|pswrwlf h!flhqf|1 Rqh frxog iru h{dpsoh
uhtxluh wkdw wkh suredelolw| wkdw wkh sod|hu zlwk wkh kljkhvw ydoxdwlrq zlqv wr jurz wr 4=
Zh gr qrw nqrz li vxfk d phfkdqlvp fdq eh frqvwuxfwhg1 Wr pdnh wklv kdsshq lq rxu
phfkdqlvp rqh zrxog qhhg wkh udwlr ri lqfoxghg wr h{foxghg sod|huv wr jurz wr lq�qlw|/
exw lq rxu surri lw udwkhu ghfuhdvhv wr }hur1
Dqrwkhu/ riwhq xvhg fulwhulrq/ lv frqyhujhqfh ri dyhudjh sd|r�v wr sd|r�v lq h!flhqw

frooxvlrq1



Elgglqj Ulqjv lq Uhshdwhg Dxfwlrqv 49

Wr �qlvk wkh ghvfulswlrq ri wkh phfkdqlvp/ zh vxjjhvw wkh iroorzlqj
vwduwlqj surfhgxuh wr pdnh wkh phfkdqlvp v|pphwulf dqg vwdwlrqdu|=

Ehiruh wkh �uvw dxfwlrq/ A sod|huv duh fkrvhq udqgrpo| lq dq rughu1 Wkh
�uvw ri wkhp lv h{foxghg lq wkh �uvw dxfwlrq/ wkh vhfrqg lv h{foxghg lq wkh
�uvw wzr dxfwlrqv dqg wkh | rqh lv h{foxghg lq dxfwlrqv � wkurxjk |1 Khqfh/
dw dq| srlqw lq wlph wkhuh duh � ' � � A lqfoxghg sod|huv1 Iru dv|pswrwlf
h!flhqf| zh qhhg � wr jhw odujh dv � jrhv wr lq�qlw|1

Sursrvlwlrq 7 Lq uhshdwhg Vhfrqg Sulfh Dxfwlrqv wkhuh h{lvw dv|pswrwlfdoo|
h!flhqw phfkdqlvpv zlwkrxw frppxqlfdwlrq dqg zlwk qr wudqvihuv lq zklfk
sod|huv frqglwlrq rqo| rq wkh klvwru| ri zlqv1

Surri1 Vhh Dsshqgl{

7 Frqfoxglqj Uhpdunv

Lq wklv sdshu zh kdyh vkrzq wkdw lq wkh devhqfh ri vlgh sd|phqwv/ vrph fro0
oxvlrq lv vwloo srvvleoh wkurxjk lpsolflw wudqvihuv ri htxloleulxp frqwlqxdwlrq
sd|r�v1 Wr nhhs elgv orz/ elgghuv duh sxqlvkhg iru zlqqlqj dqg uhzdughg
iru orvlqj e| orzhulqj ru lqfuhdvlqj/ uhvshfwlyho|/ wkhlu frqwlqxdwlrq sd|r�v1
Lq wklv zd|/ elgghuv duh idfhg zlwk dq lqwhuwhpsrudo wudgh0r�= zlqqlqj lq
wkh fxuuhqw shulrg ghfuhdvhv wkhlu suredelolw| ri zlqqlqj lq wkh ixwxuh1 Wklv
uhvxow vxjjhvwv dq hpslulfdo whvw iru frooxvlrq zkhuh/ dffrxqwlqj iru �{hg hi0
ihfwv/ wkh suredelolw| ri d sod|hu zlqqlqj dq dxfwlrq vkrxog ghfuhdvh zlwk
suhylrxv zlqv144

Zh kdyh dovr hvwdeolvkhg wkdw lq wkh devhqfh ri wudqvihu sd|phqwv/ shuihfw
frooxvlrq fdqqrw eh dfklhyhg1 Wklv ohdgv wr d txhvwlrq derxw dq rswlpdo
frooxvlyh vfkhph1 Wkh vhw ri doo srvvleoh htxloleulxp sd|r�v +lqfoxglqj wkh
rswlpdo rqhv, fdq eh ghvfulehg uhfxuvlyho| xvlqj wkh DSV iudphzrun +Deuhx/
Shdufh/ Vwdffkhwwl/ +4<;9, dqg +4<<3,,145 Li rqh irfxvhv rqo| rq htxloleuld
lq zklfk sod|huv frqglwlrq wkhlu dfwlrqv rqo| rq wkh klvwru| ri zlqv/ wkhq
wklv vhw lv hyhq uhodwlyho| vlpsoh wr frpsxwh/ dv wkh frqwlqxdwlrq sd|r�v duh
uhsuhvhqwhg e| �qlwh qxpehu ri srlqwv iurp wkh vhw ri htxloleulxp sd|r�v1 Lq
uhshdwhg vhfrqg sulfh dxfwlrqv wkh vwudwhjlhv ri wkh sod|huv duh hdvlo| irxqg
dv ixqfwlrqv ri wkh frqwlqxdwlrq sd|r�v1 Lq uhshdwhg �uvw sulfh dxfwlrqv

44Uhfhqw hpslulfdo zrun rq uhshdwhg dxfwlrqv +vhh Shvhqgruihu +4<<9, dqg Sruwhu dqg
]rqd +4<<<,, kdv irfxvhg h{foxvlyho| rq elg glvwulexwlrqv1

45Dwkh| dqg Edjzhoo +4<<<, iroorz wklv dssurdfk iru d vlpsol�hg prgho zlwk wzr w|shv1
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wkh vlwxdwlrq lv pruh frpsolfdwhg/ ehfdxvh lq jhqhudo zh kdyh wr ghvfuleh
vwudwhjlhv zkhq wkh sod|huv kdyh gl�huhqw glvwulexwlrqv ri wkhlu ydoxhv1 Wklv
fdq eh grqh krzhyhu/ dv vkrzq lq Pdvnlq dqg Uloh| +4<<;,/ dqg khqfh wkh
frpsxwdwlrq ri wkh vhw lv dovr ihdvleoh iru uhshdwhg �uvw sulfh dxfwlrqv1 Vxfk
dqdo|vlv fdq surylgh dqvzhuv wr lqwhuhvwlqj txhvwlrqv vxfk dv wkh h�hfw ri
gl�huhqw ghjuhhv ri lqirupdwlrq uhohdvh rq frooxvlyh ehkdylru1

D glvwlqjxlvklqj ihdwxuh ri wkh uhshdwhg jdph frqvlghuhg lq wklv sdshu lv
wkh h{lvwhqfh ri dv|pphwulf lqirupdwlrq lq wkh frqvwlwxhqw jdph1 Wklv lp0
solhv wkdw hyhq zkhq elgv duh revhuyhg/ wkh elgglqj ixqfwlrqv xvhg e| sod|huv
fdqqrw eh prqlwruhg1 Lq frqvhtxhqfh/ wkh vwdqgdug w|sh ri wuljjhu vwudwhjlhv
dv vxssruw iru h!flhqw frooxvlrq duh qrw dssolfdeoh1 Rswlpdo sxqlvkphqwv
pxvw uho| rq pruh frpsoh{ lqwhuwhpsrudo lqfhqwlyhv1 Wklv vwuxfwxuh lv ri
lqwhuhvw eh|rqg dxfwlrqv/ dqg dssolhv jhqhudoo| wr g|qdplf sureohpv zkhuh
wkhuh lv odfn ri frpplwphqw dqg +whpsrudu|, sulydwh lqirupdwlrq1 H{dpsohv
ri vxfk sureohpv lqfoxgh uhshdwhg roljrsro| jdphv dqg uhshdwhg sduwqhuvklsv
zlwk sulydwh lqirupdwlrq1

8 Dsshqgl{

Surri ri Sursrvlwlrq 41
Ghqrwh wkh h{shfwhg sd|r�v iurp d uhshdwhg elg urwdwlrq e|
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c wkhq wulyldoo|/ sod|lqj wkh dv|pphwulf htxloleuld

zlwk htxdo suredelolwlhv douhdg| grplqdwhv wkh EUV1 Vr ohw*v orrn dw d fdvh
zkhq �

�
EE� � ��� n �� ' �

�

e�

�3B
' ��-7

Frqvlghu wkh iroorzlqj phfkdqlvp1 Ehiruh wkh �uvw dxfwlrq rqh sod|hu
lv fkrvhq udqgrpo|1 Fdoo wklv sod|hu d vxuh elgghu1 Lq wkh �uvw dxfwlrq doo
sod|huv fdq elg dqg wkh frqwlqxdwlrq sd|r�v ghshqg rq wkh lghqwlw| ri wkh
zlqqhu1 Li wkhuh lv d zlqqhu lq wkh �uvw dxfwlrq +l1h1 zkhq dw ohdvw rqh sod|hu
vxeplwv d elg, wkh frqwlqxdwlrq sd|r�v iru doo sod|huv frqglwlrqdo rq zlqqlqj
dqg orvlqj uhvshfwlyho|/ duh=

�� ' k� n E�� k���-7 +8,

�2 ' k� n E�� k���-7
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Li qrerg| zlqv/ wkh vxuh elgghu jhwv frqwlqxdwlrq sd|r� �� dqg doo rwkhuv jhw
�2� Wkhvh frqwlqxdwlrq sd|r�v iru k 5 dfc �o duh ihdvleoh ehfdxvh ��-7 fdq
eh rewdlqhg e| udqgrpl}lqj ehwzhhq � dqg � zlwk suredelolwlhv �3�

�
dqg �

�

uhvshfwlyho|/ dqg zh doorz iru udqgrpl}dwlrq dprqj htxloleuld1
Dv zh h{sodlqhg deryh/ wkh uhshdwhg dxfwlrq lv htxlydohqw wr d vlqjoh

dxfwlrq zlwk ydoxhv �� � S lqvwhdg ri �� dqg zlwk dgglwlrqdo sd|r� B�2 lqgh0
shqghqw ri wkh elg +dqg dovr lqghshqghqw ri sduwlflsdwlrq,1 Iluvw qrwlfh/ wkdw
doo sod|huv/ h{fhsw iru wkh vxuh elgghu/ duh ehwwhu r� qrw elgglqj dw doo wkdq
elgglqj dq| dprxqw/ zkhq wkhlu ydoxh lv ehorz S� Vhfrqg/ wkh vxuh elgghu*v
rswlpdo fkrlfh lv wr elg f zkhq kh kdv ydoxh � � S � f� Wklv lv rswlpdo/ eh0
fdxvh wkdw elg ohdgv wr d zlq rqo| li qrerg| hovh elgv +ru li vrpherg| elgv f/
zkdw kdsshqv zlwk }hur suredelolw| lq wkh htxloleulxp, dqg wkh vxuh elgghu
jhwv wkh vdph frqwlqxdwlrq sd|r� zkhq kh zlqv dqg zkhq qrerg| zlqv/ exw
wkh fxuuhqw sd|r� lv kljkhu lq wkh �uvw fdvh1 Khqfh kh lv ehwwhu r� elgglqj f
wkdq qrw elgglqj dw doo hyhq li kh kdv fxuuhqw ydoxh ehorz S�

Vr sod|huv zlwk ydoxhv � ehorz S +h{fhsw iru wkh vxuh elgghu, gr qrw elg dw
doo1 Lq rxu fdvh S ' BkE���� khqfh e| dvvxpswlrq/ zh fdq fkrrvh k 5 Efc �oc
vxfk wkdw S ' ��� Lq wkdw fdvh lq wkh �uvw dxfwlrq wkh vxuh elgghu elgv }hur/
dqg doo rwkhuv gr qrw elg dw doo1 Vr h{0dqwh +ehiruh wkh fkrlfh ri wkh vxuh
elgghu, wkh ehkdylru lv dv lq EUV1 Khqfh wkh suredelolw| ri zlqqlqj lq wkh
�uvw dxfwlrq lv �

�
dqg wkh h{shfwhg frqwlqxdwlrq sd|r� iru dq| sod|hu lv=

BE
�

�
�� n

� � �

�
�2� ' B��-7 +9,

Vr wkh phfkdqlvp zlwk S ' �� jlyhv wkh vdph h{shfwhg sd|r�v dv wkh EUV1
Qrz zh zloo vkrz wkdw ghfuhdvlqj S d olwwoh Ee| ghfuhdvlqj k� lqfuhdvhv

wkh sd|r� iru dq| sod|hu1Zh fdq �qg wkdw=

41 Wkh h{shfwhg xwlolw| iru dq| sod|hu +exw wkh vxuh elgghu, zlwk ydoxh �
ehorz S lv=

LE�� ' B�2 +:,

dqg iru wkh vxuh elgghu=

LE�� ' 8 ES��3�� n B
k
8 ES��3��� n E�� 8 ES��3���2

l
+;,

' 8 ES��3�E� � S� n B�2 +<,
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Vr h{0dqwh wkh sd|r� iru hyhu| sod|hu zlwk ydoxh ehorz S lv=

LE�� '
8 ES��3�

�
E� � S� n B�2 +43,

Frqvlghulqj wkh htxlydohqw uhyhodwlrq jdph/ wkh h{shfwhg xwlolw| iru dq|
sod|hu zlwk ydoxh � deryh S lv=

LE�� ' LES� n

�]
S

8 E%��3�_% +44,

Diwhu lqwhjudwlqj e| sduwv/ wkh wrwdo h{shfwhg sd|r� lv=

` ES� ' �
8 ES��3�

�

S]
f

8 E%�_%n

��]
S

8�3�E%�E�� 8 E%��_%n B�2ES� +45,

Wdnh wkh ghulydwlyh=

` �ES� '
�sES�E� � ��8�32ES�

�

S]
f

8 E%�_%�
8�ES�

�
�8�3�ES�E��8 ES��nB

Y�2

YS
+46,

Lq rxu fdvh zh kdyh=

B
Y�2

YS
'

� � ��-7

� � �
'

�

�
+47,

Hydoxdwh ` �ES� dw S ' �� G

` �ES�mS'�� '
�sE���E� � ��

�

��]
f

8 E%�_% 	 f +48,

Wklv lpsolhv wkdw wkhuh h{lvwv d phfkdqlvp zlwk S 	 �� wkdw vwulfwo| grpl0
qdwhv wkh EUV1

Surri ri Sursrvlwlrq 51
Wkh phfkdqlvp lv vlplodu wr wkh rqh deryh1 Ehiruh wkh �uvw dxfwlrq rqh

sod|hu lv fkrvhq udqgrpo| wr eh wkh vxuh elgghu1
Frqvlghu wkh frqwlqxdwlrq sd|r�v=
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�� ' k� n E�� k��Se +49,

�2 ' k� n E�� k��Se

Dv ehiruh li wkhuh lv d zlqqhu lq wkh �uvw dxfwlrq/ vkh jhwv frqwlqxdwlrq sd|r�
�� dqg doo rwkhuv jhw �2� Li wkhuh lv qr zlqqhu wkh vxuh elgghu jhwv �� dqg
doo rwkhuv jhw �2� Djdlq/ wkh vxuh elgghu elgv f li � 	 S dqg doo rwkhuv gr qrw
elg dw doo zkhq wkhlu ydoxh lv ehorz S� Zkhq k ' f/ zh kdyh S ' f dqg wklv
htxloleulxp lv htxlydohqw wr wkh frpshwlwlyh htxloleulxp1

Qrz ohw*v suryh wkdw lqfuhdvlqj S d olwwoh +e| lqfuhdvlqj k� lqfuhdvhv h{0
shfwhg sd|r�1 E| wkh vdph uhdvrqlqj dv lq wkh suhylrxv surri=

` �ES� '
�sES�E� � ��8�32ES�

�

S]
f

8 E%�_%�
8�ES�

�
�8�3�ES�E��8 ES��nB

Y�2

YS
+4:,

Qrz zh kdyh=

B
Y�2

YS
'

� � �Se

� � �
+4;,

Hydoxdwh ` �ES� dw S ' f G

` �ES�mS'f '
� � �Se

� � �
: f +4<,

Wklv lpsolhv wkdw wkhuh h{lvwv d phfkdqlvp zlwk S : f wkdw vwulfwo| grplqdwhv
wkh frpshwlwlyh elgglqj1

Surri ri Fruroodu| 61
Frqvlghu wkh iroorzlqj phfkdqlvp1
Fdoo lqfoxghg sod|huv wkh E� ��� sod|huv wkdw dfklhyh � dqg wkh h{foxghg

sod|hu wkh rqh wkdw rewdlqv ��
Lq wkh �uvw dxfwlrq wkh � � � lqfoxghg sod|huv duh vxssrvhg wr elg frp0

shwlwlyho| dqg wkh h{foxghg sod|hu lv vxssrvhg qrw wr elg dw doo1 Li wkh zlqqhu
wxuqv rxw wr eh rqh ri wkh lqfoxghg sod|huv/ wkh frqwlqxdwlrq htxloleulxp lv
frpshwlwlyh elgglqj iruhyhu1 Li qrw/ l1h1 li lw lv revhuyhg wkdw wkh h{foxghg
sod|hu zrq/ wkh frqwlqxdwlrq sd|r� lv � ' f iru klp dqg � ' �

�3B
e�

�3�
iru doo

rwkhuv1 Wr vkrz wkdw wklv lv dq htxloleulxp zh qhhg wr vkrz wkdw wkh h{foxghg
sod|hu grhv qrw kdyh lqfhqwlyhv wr ghyldwh lq wkh �uvw dxfwlrq1 Ghshqglqj rq
wkh qxpehu ri elgghuv wkh jdlq iurp ghyldwlrq fdq eh vpdoohu ru odujhu1 Lq
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dq| fdvh lw lv erxqghg iurp deryh e| ��1 Frqvhtxhqwo| d vx!flhqw frqglwlrq
iru wklv phfkdqlvp wr frqvwlwxwh d VSQH lv=

�� �
B

�� B
%SeE�� ' B�Se +53,

zkhuh %SeE�� lv rqh sod|hu*v rqh0shulrg h{shfwhg sur�w iurp d frpshwlwlyh
htxloleulxp zlwk � sod|huv1

Vr iru wkh jlyhq qxpehu ri sod|huv wkhuh h{lvwv Bf 	 � vxfk wkdw iru doo
B : Bf wklv phfkdqlvp frqvwlwxwhv d VSQH1

Ilqdoo| dv %SeE�� lv ghfuhdvlqj lq �c wkh htxloleulxp sd|r�v vdwlvi|=

%SeE� � �� n
B

�� B
%SeE�� ' � : �SeE�� : � ' B�SeE�� +54,

Wkxv zh kdyh frqvwuxfwhg wkh vx!flhqw dv|pphwulf htxloleuld1
Surri ri Ohppd 41
Zh frqvwuxfw d fodvv ri dv|pphwulf elg urwdwlrq vwudwhjlhv dqg zh vkrz

wkdw iru odujh B wkh| irup d VSQH1 Wkhq zh vkrz wkdw lq idfw iru dq| ��dqg
odujh B zh fdq fkrrvh vxfk dq htxloleulxp wr vdwlvi| BE� � �� : ���

Dv xvxdo/ fdoo wkh sod|hu rewdlqlqj � wr eh wkh h{foxghg sod|hu dqg sod|huv
rewdlqlqj � lqfoxghg sod|huv1

Ohw A eh d srvlwlyh lqwhjhu1 Ehiruh hdfk ri wkh �uvw A E� � �� dxfwlrqv
rqh ri wkh lqfoxghg sod|huv lv fkrvhq udqgrpo| wr eh wkh vroh elgghu1 Kh elgv
f lq wkh jlyhq dxfwlrq zkloh doo rwkhuv gr qrw elg dw doo1 Wkhq/ iurp shulrgv
A E� � �� n � wr A� wkh h{foxghg elgghu lv dxwrpdwlfdoo| fkrvhq wr eh wkh
zlqqhu e| vroho| elgglqj f�Dw wklv wlph wkh phfkdqlvp vwduwv doo ryhu1

Li dw dq| srlqw lq wlph wkh ghvljqdwhg zlqqhu grhv qrw zlq/ doo sod|huv
vzlwfk wr frpshwlwlyh elgglqj iruhyhu1

Wr yhuli| wkdw wklv lv dq htxloleulxp iru odujh hqrxjk Bc lw lv vx!flhqw wr
fkhfn wkdw wkh h{foxghg sod|hu grhvq*w kdyh lqfhqwlyhv wr ghyldwh hyhq lq wkh
�uvw dxfwlrq zkhq kh jhwv ydoxh ���46

Wkh h{shfwhg h{0dqwh sd|r� iru wkh h{foxghg sod|hu lq wkh phfkdqlvp lv=

� ' e�
BE�3��A E�� BA �

E�� B�E�� B�A �
+55,

46Fohduo|/ li wkh h{foxghg sod|hu kdv qr lqfhqwlyhv wr ghyldwh/ vr grhv wkh lqfoxghg rqh/

dv vkh kdv kljkhu frvw ri ghyldwlrq lq whupv ri frqwlqxdwlrq sd|r�v dqg wkh vdph erxqg

rq fxuuhqw jdlq1
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Wkh sd|r� iurp ghyldwlrq lv erxqghg iurp deryh e|=

�� n
B

�� B
%SeE�� +56,

Vr wr vkrz wkdw wklv phfkdqlvp lv lqfhqwlyh frpsdwleoh lw*v vx!flhqw wr vkrz
wkdw=

�� �
�

�� B

%
e�

BE�3��A E�� BA �

�� B�A
� B%SeE��

&
+57,

Qrz qrwlfh wkdw dv B $ �c wkh whup lq eudfnhwv frqyhujhv wr e� �
�
�%SeE�� : fc

vr wkh zkroh UKV jurzv wr lq�qlw|1 E| frqwlqxlw|/ wkhuh h{lvwv Bf 	 � v1w1
iru doo B � Bf wklv phfkdqlvp irupv d VSQH1

Qrz ohw*v orrn dw �� Dq| ri wkh lqfoxghg sod|huv kdv htxdo suredelolw| ri
zlq lq dq| ri wkh �uvw E� � ��A dxfwlrqv1 Khqfh=

� ' e�
�� BE�3��A

E�� B�E�� B�A �

�
�

� � �

�
+58,

Lw fdq eh hdvlo| yhul�hg wkdw �
�
EE� � ��� n �� ' �

�

e�

�3B
iru dq| B/ A dqg ��

Ilqdoo| ohw*v vkrz wkdw zh fdq fkrrvh A lq rughu wr vdwlvi| BE���� : ��

zlwkrxw ylrodwlqj wkh lqfhqwlyh frqvwudlqw1

BE� � �� ' e�B
�

� � �

%
���BE�3��A n E� � ��B�A

E�� B�E�� B�A �

&
+59,

Lw fdq eh irxqg wkdw=

*�4
B<�

BE� � �� ' e�
A

2
+5:,

Ehfdxvh Bf lv lqfuhdvlqj lq Ac zh fdq �qg A odujh hqrxjk dqg Bf odujh hqrxjk
wkdw BfE� � �� : ���

Surri ri Ohppd 51
Iluvw zh frqvwuxfw dq htxloleulxp lq zklfk rqh sod|hu kdv kljkhu sd|r�v

wkdq doo rwkhuv1
Frqvlghu wkh iroorzlqj frooxvlyh vfkhph frqvlvwlqj ri wzr skdvhv= d frrs0

hudwlyh skdvh dqg d elgglqj zdu skdvh wkdw sod|v d uroh ri d sxqlvkphqw1
Wkh uhfrpphqghg dfwlrqv ri wkh sod|huv lq wkh frrshudwlyh skdvh duh dv

iroorzv1 Lq wkh �uvw A dxfwlrqv wkhuh lv rqh idyruhg sod|hu zkr lv vxssrvhg wr
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elg f dqg doo rwkhuv qrw wr elg dw doo1 Li lw lv revhuyhg wkdw wkh idyruhg sod|hu
zrq lq doo A dxfwlrqv/ wkh frqwlqxdwlrq htxloleulxp lv frpshwlwlyh elgglqj
iruhyhu1

Li dw dq| ri wkh A dxfwlrqv vrpherg| hovh zlqv wklv shuvrq lv fdoohg wkh
ghyldqw dqg wkh phfkdqlvp jrhv lpphgldwho| wr d elgglqj zdu skdvh ri
ohqjwk & +li qrerg| zlqv wkh idyruhg sod|hu lv wkh ghyldqw,1Lq wklv skdvh doo
rwkhu sod|huv duh fdoohg qrq0ghyldqw1

Wkh elgglqj zdu lv ghvfulehg dv iroorzv1 Gxulqj wkh & shulrgv hyhu|erg|
fdq elg dq| dprxqw1 Diwhu shulrg & rqh ri wkh qrq0ghyldqw sod|huv lv fkrvhq
wr ehfrph wkh qhz idyruhg sod|hu dqg wkh suredelolw| ri ehlqj fkrvhq lv
sursruwlrqdo wr wkh qxpehu ri zlqv d sod|hu kdg lq wkh elgglqj zdu skdvh1
Doo rwkhu sod|huv dv zhoo dv wkh ghyldqw ehfrph wkh qrq0idyruhg1 +Iru � ' 2/
gxulqj wkh zdu wkh ghyldqw lv vxssrvhg wr elg �� dqg wkh qrq0ghyldqw ��n0�,

Dorqj wkh htxloleulxp sdwk wklv phfkdqlvp jhqhudwhv sd|r�v=

� '
�� BA

�� B
e� n BA�Se : �Se iru wkh idyruhg sod|hu +5;,

� ' BA�Se 	 �Se iru doo rwkhu sod|huv

Ohw*v frqvlghu wkh elgglqj zdu1 Wklv skdvh lv d yduldqw ri d vwlfn dqg
fduurw htxloleulxp1 Zh frqvwuxfw wkh phfkdqlvp lq vxfk d zd| wkdw=

4, Gxulqj wkh zdu wkh qrq0ghyldqw sod|huv elg deryh �� wr wu| wr rewdlq
wkh fduurw ri ehlqj wkh qhz idyruhg sod|hu diwhu wkh zdu1

5, Wkh ghyldqw grhv qrw elg dw doo gxulqj wkh zdu1
6, Wkh elgglqj zdu lv d vx!flhqwo| vhyhuh iru wkh ghyldqw wkdw kh kdv qr

lqfhqwlyhv wr ghyldwh lq wkh �uvw skdvh1
Dv ehiruh/ dw d jlyhq dxfwlrq wkh ehkdylru ri d sod|hu ghshqgv rq � � S

zkhuh S ' BE�2����� Xvxdoo| zh kdyh �� 	 �2 wr surylgh lqfhqwlyhv iru orzhu
wkdq frpshwlwlyh elgglqj1 Gxulqj wkh zdu skdvh krzhyhu/ d zlq lqfuhdvhv wkh
suredelolw| wr ehfrph wkh idyruhg sod|hu diwhu wkh zdu/ vr wkh frqwlqxdwlrq
sd|r� frqglwlrqdo rq zlqqlqj lv kljkhu wkdq frqglwlrqdo rq orvlqj1 Vr S 	 f
dqg sod|huv elg pruh djjuhvvlyho| wkdq lq d frpshwlwlyh htxloleulxp1 Khqfh
wkh qdph elgglqj zdu1

Dv wkh elgglqj zdu frqwlqxhv/ wkh sod|huv kdyh gl�huhqw qxpehu ri zlqv
dqg khqfh gl�hu lq wkhlu fxuuhqw h{shfwhg sd|r�1 Exw dv wkh gl�huhqfh �2�
�� lv lqghshqghqw ri wkh qxpehu ri sdvw zlqv/ wkh qrq0ghyldqw sod|huv elg
v|pphwulfdoo| lq doo & dxfwlrqv +krzhyhu wkh elgglqj ixqfwlrqv gl�hu ryhu
wlph/ dv h{sodlqhg ehorz,1
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Wr pdnh wkh ghyldqw qrw zdqw wr sduwlflsdwh lq wkh dxfwlrq/ lw lv vx!flhqw
wkdw lq hyhu| dxfwlrq doo qrq0ghyldqw sod|huv elg deryh ��c dv zlqqlqj lq
wkdw fdvh zrxog eulqj wkh ghyldqw lpphgldwh orvv dqg qr jdlq lq whupv ri wkh
frqwlqxdwlrq sd|r�1 Vr lw lv hqrxjk wr vkrz wkdw �S : �� dw hyhu| vwdjh ri
wkh elgglqj zdu1

Dw wkh �uvw shulrg ri wkh elgglqj zdu +jlyhq wkdw wkh ghyldqw kdv }hur
suredelolw| ri zlqqlqj zklfk lv frqvlvwhqw zlwk wkh htxloleulxp vwudwhj| zkhq
�S : ��, zh kdyh=

S ' BE�2 � ��� ' �
�

&
B&E� � �� ' �

�

&
B&
�� BA

�� B
e� +5<,

Dv wkhuh duh ohvv dqg ohvv zdu vwdjhv ohiw/ S lqfuhdvhv +pdnlqj wkh �upv
elg pruh dqg pruh djjuhvvlyho|, vr iru wkh lqfhqwlyh iru wkh ghyldqw qrw
wr sduwlflsdwh lq wkh zdu lv vx!flhqw wr �qg & dqg A v1w1=

�� �
�

&
B&
�� BA

�� B
e� +63,

Qrz zh fdq fkhfn wkh lqfhqwlyh frqvwudlqw iru wkh qrq0idyruhg sod|hu lq
skdvh 4 ri wkh frooxvlyh vfkhph= Lw lv vx!flhqw wr fkhfn wkdw d sod|hu zlwk
ydoxh �� grhv qrw kdyh lqfhqwlyhv wr ghyldwh lq wkh �uvw dxfwlrq1

Li kh grhv ghyldwh kh jhwv=

�� n B&n�� ' �� n B&nAn��Se +64,

Li kh grhv qrw ghyldwh kh jhwv=

� ' BA�Se +65,

Vr lw*v vx!flhqw wr �qg Bc &/ A wr vdwlvi| vlpxowdqhrxvo|=

�� �
�

&
B&
�� BA

�� B
e� +66,

�� � BA
E�� B&n��

�� B
%Se +67,

Wkhvh fdq eh irxqg dv=

*�4
B<�

�

&
B&
�� BA

�� B
e� '

A

&
e� +68,
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dqg

*�4
B<�

BA
E�� B&n��

�� B
%Se ' E& n ��%Se +69,

E| frqwlqxlw| ri wkhvh h{suhvvlrqv lq Bc wkhuh h{lvwv Bf 	 � vxfk wkdw iru
doo B : Bf zh fdq �qg A dqg & iru zklfk wkh phfkdqlvp frqvwlwxwhv d VSQH
zlwk h{shfwhg sd|r�v=

� '
�� BA

�� B
e� n BA�Se : �Se +6:,

� ' BA�Se 	 �Se

Vr zh kdyh frqvwuxfwhg dq dv|pphwulf htxloleulxp zlwk �� ' � dqg
�3� ' � v1w1 � : �Se : �� Exw zh qhhg dq htxloleulxp lq zklfk rqh sod|hu
lv �sxqlvkhg� dqg doo rwkhuv duh �uhzdughg�= �� ' �� 	 �Se 	 �3� ' ���

Xqiruwxqdwho|/ vlpsoh udqgrpl}lqj ehwzhhq wkhvh htxloleuld v1w1 �� ' �
dqg �� ' �

�3�
�n �32

�3�
� grhv qrw qhfhvvdulo| vdwlvi| wkh frqglwlrq �Se 	 ��cdv

lw lv htxlydohqw wr e�

�3�
	 %SeE�� zklfk lq jhqhudo grhv qrw kdyh wr krog1

Krzhyhu/ xvlqj wkh elgglqj zdu skdvh/ zh fdq frqvwuxfw d gl�huhqw fro0
oxvlyh vfkhph1 Fdoo wkh sod|hu wkdw kdv wr jhw wkh orzhu htxloleulxp sd|r�
wkh h{foxghg sod|hu dqg doo rwkhuv wkh lqfoxghg sod|huv1 Wkh phfkdqlvp lv
wkh iroorzlqj1 Lq wkh �uvw dxfwlrq wkh h{foxghg sod|hu lv qrw vxssrvhg wr elg
dw doo1 Doo lqfoxghg duh vxssrvhg wr elg frpshwlwlyho| dprqj wkhpvhoyhv1 Li
rqh ri wkh lqfoxghg sod|huv ru qrerg| zlqv/ wkh frqwlqxdwlrq htxloleulxp lv
frpshwlwlyh zlwk doo sod|huv1 Li wkh h{foxghg sod|hu zlqv/ wkh frqwlqxdwlrq
jdph lv wkh elgglqj zdu phfkdqlvp frqvwuxfwhg deryh= wkh h{foxghg sod|hu
ehfrphv wkh ghyldqw dqg doo rwkhuv qrq0ghyldqw1

Dorqj htxloleulxp sdwk/ wklv phfkdqlvp jhqhudwhv h{shfwhg sd|r�v=

�� '
B

�� B
%SeE�� ' B�Se 	 �Se +6;,

iru wkh h{foxghg sod|hu dqg

�� ' %SeE� � �� n
B

�� B
%SeE�� : �Se +6<,

iru wkh lqfoxghg sod|huv/ zkhuh %SeE�� ghqrwhv h{shfwhg sd|r� lq rqh dxfwlrq
iru rqh sod|hu lq frpshwlwlyh htxloleulxp zlwk � sod|huv1
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Lq rughu wr frpsohwh wkh surri zh rqo| qhhg wr vkrz wkdw wklv phfkdqlvp
irupv dq htxloleulxp1

Lw*v hqrxjk wr fkhfn wkh lqfhqwlyhv ri wkh h{foxghg sod|hu1 Wkh odujhvw
jdlq kh fdq uhdol}h e| ghyldwlqj lv=

�� n B&nAn��Se +73,

vr wkh vx!flhqw lqfhqwlyh frqvwudlqw lv=

�� � BE�� B&nA ��Se +74,

Dv BE� � B&nA � � BA E� � B&n��c hyhu| wlph wkh elgglqj zdu phfkdqlvp
frqvwlwxwhv VSQH/ wklv frqvwudlqw lv vdwlv�hg/ zkdw frpsohwhv wkh surri1

Surri ri Sursrvlwlrq 71
Wkh phfkdqlvp zh xvh lv wkh rqh ghvfulehg lq wkh wh{w1 Zh douhdg|

nqrz wkdw jlyhq wkh frqwlqxdwlrq sd|r�v/ wkh vxuh elgghu xvhv wkh elgglqj
ixqfwlrq K� ' 4@ ifc E�� � S��j dqg doo rwkhu lqfoxghg sod|huv elg K ' E�� S�
li E� � S� � f dqg gr qrw elg dw doo rwkhuzlvh1

Zh frqvwuxfw wkh surri lq vwhsv=
Vwhs 4
Vkrz wkdw wkhuh h{lvwv � vxfk wkdw li � � � sod|huv duh elgglqj K� '

�� � E�� � o� dqg � sod|hu +wkh vxuh elgghu, elgv K� ' 4@ ifc d�� � E�� � o�oj
wkhq wkh phfkdqlvp vdwlv�hv wkh frqglwlrqv ri dv|pswrwlf h!flhqf|1

Vhw o ' 6�?i^c 0j� Wkh �E�� iurp wkh zkroh vhw ri sod|huv lv erxqghg
deryh e| ��� Vr iru wkh wklug frqglwlrq ri h!flhqf| lw*v vx!flhqw wkdw �
vdwlv�hv

E�� 8�E�� � o�� � R +75,

Wklv fohduo| h{lvwv1 Wkh vhfrqg frqglwlrq lv wulyldo ehfdxvh wkh odujhvw elg
frqvlvwhqw zlwk wkh elgglqj ixqfwlrq lv htxdo wr ^�
Ilqdoo|/ wkh �uvw frqglwlrq lv vdwlv�hg dv wkh vxuh elgghu dozd|v elgv1

Vwhs 5
Vkrz wkdw dv � lqfuhdvhv/ wkh h{shfwhg wrwdo +vxpphg ryhu doo sod|huv,

shu0shulrg sd|r� iurp wkh phfkdqlvp K� ' 4@ ifc E�� � S�j iru wkh vxuh elg0
ghu dqg K� ' �� � S iru doo rwkhu lqfoxghg sod|huv frqyhujhv wr S 	 �� iurp
deryh1

Lqwurgxfh qrwdwlrq=
�
E��
�

lv wkh �uvw rughu vwdwlvwlf iurp � gudzv dqg
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lv wkh vhfrqg rughu vwdwlvwlf iurp � gudzv
Wrwdo +vxp ryhu doo sod|huv, rqh0shulrg sur�w iurp wkh phfkdqlvp lv=
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Wklv h{suhvvlrq lv ghulyhg e| wkh idfw wkdw zlwk suredelolw| E�� 8�ES��
dw ohdvw rqh sod|hu kdv ydoxh deryh S� Lq wkdw fdvh wkh zlqqhu lv wkh rqh zlwk
wkh kljkhvw ydoxh �

E��
�
� Klv sd|phqw lv f zkhq wkh vhfrqg kljkhvw ydoxdwlrq lv

ehorz S dqg lv �
E2�
�

� S zkhq wkh vhfrqg kljkhvw ydoxdwlrq lv deryh S� Ilqdoo|/
zlwk suredelolw| 8�ES� doo sod|huv kdyh ydoxh ehorz S dqg lq wkdw fdvh wkh
zlqqhu lv wkh vxuh elgghu1 Kh sd|v f dqg kdv h{shfwhg ydoxh .E�m� � S�1

Wr vhh wkdw wklv ydoxh frqyhujhv wr S lv wulyldo dv 8�ES� frqyhujhv wr �c
dqg wkh kljkhvw dqg wkh vhfrqg kljkhvw ydoxdwlrqv frqyhujh wr ��1

Qrz ohw*v vkrz wkdw lw frqyhujhv iurp deryh1
Wkh h{shfwhg fxuuhqw dxfwlrq ydoxh ri wkh zlqqhu lv dw ohdvw htxdo wr wkh

h{shfwhg �uvw rughu vwdwlvwlf jlyhq lw lv odujhu wkdq S wlphv wkh suredelolw| ri
�
E��
�

ehlqj juhdwhu wkdq S1
H{shfwhg sd|phqw lv htxdo wr=
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Wklv ohdgv wr=
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Wkhuhiruh wr vkrz wkdw wkh frqyhujhqfh lv iurp deryh/ lw lv vx!flhqw wr vkrz
wkdw iru odujh � =

S8�3�ES� 	 �
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E�� 8 E���8�3�E��_� +79,
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Wklv lv grqh e| qrwlqj wkdw=

�
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Ehfdxvh
�
�U
S

E��8 E���_� lv srvlwlyh dqg lqghshqghqw ri �c wkhuh fohduo| h{lvwv

�f odujh hqrxjk vxfk wkdw iru doo � : �f/ %AJ|@, : S�
Vwhs 6
Vkrz wkdw iru dq| S 	 �� dqg �f wkhuh h{lvw Bc � dqg A vxfk wkdw

wkh phfkdqlvp lpsohphqwv wkhvh elgglqj ixqfwlrqv lq hyhu| dxfwlrq dqg
� � A ' � � �f�

Vwduw zlwk �qglqj � odujh hqrxjk wkdw %AJ|@, : S dqg � � �f1 Il{ S
dqg �� Qrz vkrz wkdw zh fdq �qg B dqg A vxfk wkdw wkh phfkdqlvp lqghhg
lpsohphqwv S G

Zh kdyh d wrwdo ri� sod|huv1 Gxh wr wkh vwdwlrqdulw| ri wkh phfkdqlvp lw*v
hdv| wr �qg wkhlu h{shfwhg sd|r�v jlyhq %AJ|@,�Zh kdyh� ' ��A lqfoxghg
sod|huv wkdw duh h{ dqwh +ehiruh fkrrvlqj wkh vxuh elgghu, v|pphwulf1 Ghqrwh
wkhlu dyhudjh shu0shulrg h{shfwhg sd|r� e| %f� Wkhuh duh dovr A h{foxghg
sod|huv wkdw kdyh glvwlqfw zdlwlqj wlphv wr ehfrph lqfoxghg1 Iru d sod|hu
wkdw fdqqrw elg lq wkh qh{w | dxfwlrqv +lqfoxglqj wkh fxuuhqw, wkh dyhudjh
shu0shulrg h{shfwhg sd|r� lv B|%f� Wkh vxp ri doo lqglylgxdo dyhudjh h{shfwhg
sd|r�v kdv wr eh htxdo wr %AJ|@,=

�%f n
A[
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B|%f ' %AJ|@, +7;,

Wkhuhiruh=

%f '
%AJ|@,

� n B �3B
A
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Li d sod|hu zlqv kh lv qrw doorzhg wr elg lq wkh qh{w A dxfwlrqv dqg li kh
grhvq*w zlq kh lv doorzhg1 Vr wkh frqwlqxdwlrq sd|r�v duh =
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Wklv jlyhv xv S ' �2 � �� ' B �3B
A

�3B
%f� Vxevwlwxwlqj wkh h{suhvvlrq iru %f zh

jhw=

S '
5

� n 5
%AJ|@, +84,

zkhuh 5 ' B �3B
A

�3B
� Ehfdxvh %AJ|@, : S dqg *�4

B<�
5 ' A dqg *�4

A<"

5 ' B

�3B
c zh fdq

fohduo| �qg vxfk d frpelqdwlrq ri wkhvh wzr wr pdnh 5

�n5
duelwudulo| forvh

wr � dqg khqfh lq idfw lpsohphqw S�
Vwhs 7
Vkrz wkdw qr sod|hu kdv hyhu lqfhqwlyhv wr ghyldwh
Lw*v fohdu wkdw jlyhq � dqg A dqg B frplqj iurp wkh suhylrxv vwhsv/

wkh lqfoxghg sod|huv gr qrw kdyh lqfhqwlyhv wr ghyldwh iurp wkh suhvfulehg
elgglqj ixqfwlrqv1 Wkh txhvwlrq lv li wkh h{foxghg sod|huv gr dv zhoo1

Lw*v vx!flhqw wr frqvlghu lqfhqwlyhv ri d sod|hu wkdw lv h{foxghg iru wkh
qh{w A dxfwlrqv +l1h1 d sod|hu zkr zrq lq wkh suhylrxv dxfwlrq, dqg jrw d
gudz �� lq wkh fxuuhqw rqh1

Li kh elgv kh fdq jdlq dw prvw �� lq wkh fxuuhqw dxfwlrq dqg klv frqwlqx0
dwlrq sd|r� lv vhw wr }hur li kh grhv1 Li kh grhvq*w elg/ klv fxuuhqw sur�w lv
}hur dqg klv frqwlqxdwlrq sd|r� lv

BAn�
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BAn�

�� B

%AJ|@,
� n 5

+85,

Lw*v vx!flhqw wr vkrz wkdw zh fdq fkrrvh A dqg B vxfk wkdw erwk 5 $ 4
dqg B

An�

�3B
*5 $ 4c ehfdxvh � lv �{hg dqg lqfhqwlyhv uhtxluh=

�� �
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Wklv lv grqh e| pdnlqj B wr jurz wr � dqg wkhq lqfuhdvlqj +vorzo|, Ac dv=
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5 ' A dqg *�4
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BAn�
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BAn�

B � BAn�
' 4� +87,

Qrz orrn dw wkh lqwhufhswlrq ri wkh frqglwlrqv rewdlqhg vr idu1 Fohduo|
wkh pd{lpxp ri � �v irxqg lq vwhsv 4 dqg 5 vdwlv�hv frqglwlrqv lq erwk ri
wkhp1 Wkhq/ �{ S dqg � zkdw jlyhv %AJ|@,1 Qh{w/ �qg

B
An�

�3B
*5 odujh hqrxjk

wr vdwlvi| lqfhqwlyh frqvwudlqw lq Vwhs 71 Ilqdoo| jlyhq wklv ydoxh zh �qg A
dqg B wkdw vdwlvi| mrlqwo| frqglwlrqv lq Vwhsv 6 dqg 7 +wkh| fohduo| h{lvw dv
zh kdyh vkrzq lq Vwhs 7,1 Ri frxuvh wkurxjkrxw wkh frqvwuxfwlrq zh kdyh
wr wdnh fduh ri wkh lqwhjhu sureohpv/ exw dv B fdq fkdqjh vprrwko| wklv lv
srvvleoh1
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