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AAibstract

In this paper we investigaté the nature of labor indivisibilities.
We present environments in which laber indivisibilities arise
endogenously, as the outcome of the individpal optimization problen.
This result provides a miﬁroeconomic foundation to the line of research

which assumes this restriction on labor as exogenously given.






I. Introduction

A number of papers have recently appeared which make use of the
assumption of indivisible labor, e.g. Rogerson [19881, Grilli and
Rogerson [1984], Hansen [1985], Greenwoocd and Huffman [1985, 19861,
Hansen and Sargent [1986], and Prescott [1985]. One feature shared by
all of these papers is that the assumption Ef indivieible labor is built
directly into the consumption sets of individuals. However, since in
these economies it is costly in terms of wélfare to impose this
restriction on labor supply, it seems unsatigfactcry to leave unanswered
the question of what aspe:f of the economic environment is responsible
for this rigidity. This approach will clearly be more interesting if it
could be shown that there exist reasonable economic structures in which
this kind of restriction arises endogenously, as the result of agents’
optimization. |

This paper shows that it is possible to introduce noncenvexities in
a more fundamental manner and yet cobtain the result that individuals
behave as if labor §upp1y was exogenously given to be indivisible. In
égese models individual; are free to supply any fraction of their time
endowment as labor, yet in equilibrium it is observed that agents either
work zero or a fixed amount of hours h that is independent of the state
of nature (in this paper a stochastic shock to technology). This last
point should be stresged. It is well known that factors such as fixed
costs of going to work imply a level of reservation hours for

individuals (see e.g. Cogan (1981)). What is important about the result



of this paper is the demonstration in a general equilibrium context that
the observed level of hours per individugl is constant, independent of
the aggregate shock, implying that only fluctuations in employment will
be observed.

One class of economies relies on non-convexities in preferences and
the other class relies on non-convexities in the production technology.
It is also demonstrated that simple variations within these classes nmay
affect the eqhivalence results., In section II we review a simple
indivisiple labor model. In section III we present a model in which
supplying labor implies a fixed cns? in terms of utility or time. 1In
section IV we discuss a model in which the available technology is
characterized by set-up costs. In section V we provide éxamples of
econemies in which the equivelence result does not hold. Secticn 91

concludas the paper with a discussion of the results,

11. Indivisible Labor

This section ic based upon the results derived in Rogerscn [19841.
The economy consists of a continuum of identical agents uniforamly
distributed on [0, 1]. There are two goods, time and output. Time is
used to produce outhut according to a production functien Af(h), where
0 <¢h <1 is the amount of time devoted to working activities. It is
assumed that f(h) is twice continuously differentiable, concave,

increasing and satisfies

lim £°(h) = o lim £'(h) =0
h-%0 h-l



The parameter A is a shock to technology, with cumulative distribution
function F(A). Preferences are given by Ulc,h) = ule) - vih); where
both ulc) and v(h) are twice continuously differentiable and increasing,

0 and

"

ul{c) is concave, vi{h) is convex, v(0)

lin u'f{c) = e lim u'{c) = O
c-0 C -0
Iim v'(h) = ¢ iim v'{(h) = w
h- h-i

Assume that individuals can only choose between working and not working,
and that when they work they must work a fixed amount of hours h £(0,1),
The essential cﬁaracteristic of this economy is that the opportﬁnity set
of each agent is non-convex, as described in Figure 1. It is shown in
Rogerson [19541 that cptimal allocatiens for this economy invelve
holding lotteries to divide the population between employed and nnt
employed, and that consumption will be equalized across the two
different groups of individuals. The introduction of lotteries
transforms the ncn-convex consumption sets inﬁo {ex-ante) convex ones
and, therefore, allows the achievement of a.higher level of welfare (in
expected terms)., Solving the following proéram for each A generates

optimal (and equilibrium) allocations:

(P-1) Max ulc) - ¢v (h)
cy ¢
s,.t. O

A A
h-
oo
ol g
-
-
N
¥
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In this problem, ¢ is the fraction of agents that work. Note that this
problem is essentially the same as that which would be obtained in an
economy in which there was no indivisibility but v(h) was linear, in
particular v(h) = v(h)h. The important point is that this indivisible
labor economy, when thé possibility of lotteries is introvduced, becomes
equivelent, ex-ante, to a divisible labor economy where the

representative agents have preferences linear in labor supply.

111. Fixed Cost of Labor Supply

11T.a, Fixed Utility Cost

This section considers an environment where individuals face a
fixed utility cost of supplying labor. There is a continuum of
identical apents uniformly distributed along [0,1] and the proﬁuction
function is Af(h), where A is the shock to technelogy. Freferences are

given by:

ule) - vih) = u if h > 0

Uic, h) =
u{c) - vio) if h = 0

Whereas the previous economy had a non-convexity in the consumption sets
of the individual, this economy has a non-convexity in the preferences
of the individual. It is important to note that this economy poses no
exogenous restrictiocns on the hours that can be supplied by an
individual. Figure 2 gives a graphical representation of a typical

indifference set for this economy. When leisure moves from one to



something slightly smaller than one, consumption must jump
discontinuousiy to make up for the loss of utility u. Optinmal
allocations will be generated by solving the following problem for each

value of X

(p-2)  Max  ulc) - élv(h) + ul

$#scsh

s.t. 0 % c < Af(¢h)
0 ¢ ¢ 21
0 s h 21

Again ¢ is the fraction of agents who are esployed, h is their labor
supply, and use of the fact that v(0) = 0 has been made. As before this
program implicitly assumes that lotteries are being used to attain the
allocation. Everyone faces probability ¢ of working h hours, Eut
consumpticn is independent of the outcome of the employment loitery.
Subetituting the production functicn into the budget constraint and
assuming-that the solution for ¢ is interior, the following two first

order conditions afe darived:
(111.a.1?} 9'(Af(¢h))hf'(¢h) = v'(h)
(I11.a.2) u’(Af ($h)IAF (ghdh = vih) + u
Substituting (IIIl.a.1} inte (IIl.a.2) yields:

(111.a.3) v'(h)h = v(h) + u



This is an equation in only h., The fcllowing proposition shows that

this equation determines h uniquely.

Proposition 1: (IIl.a.3) has a unique solution for h.
Proof: HRecall that v is a twice continuously differentiable function

such that: v(0) = 0, v'(h) > 0, v"{h) > 0, lim v '(h) = 0,

h-0
lim v'(h) = o
h-1
Note that (i) the function z(h) = v'(h)h varies (monotonicalliy) between

zero and infinity as h goes from zero to 1 while the function x(h) =
vih) + u is continuous, bounded on [0, 1] and egqual to u > 0 when h is
equal to zero; and that (ii) z°(h) > x'(h) » O (for any h > 0). (i)
guarantees the existence of a sclution, 5, while (ii) guarantees that it
is unigue.// |

- Bhat is important about this result is the fact that if % < 1, then
individual hours of work are independent of beth the technolegy f(h) and
the technology shﬁék ». Hence, even though there are no restrictions
placed en the level of hours an individual can supply, as long as ¢ < 1
individuals wiil only be observed {in equilibrium) as supplying either 0
‘or h units. All fluctuations in total hours caused by the technology
shock will be accounted for by movements in employment. This economy is
observationally identical te one in which labor supply is exogenously
given to be indivisible. Propositicn one implies that (F-2) can be

reformulated as:



(P-3) Max ulc) - ¢lv(h) + ul

$y, € -
0 <2 € < Af(gh)
0 & 4«1

A strong similarity between (P-3) and (P-1) should be apparent. This
economy also behaves as if there were a representative agent with

preferences linear in labor supply, in particular v(h) = [vthy - ulh.

I11.b Fixed Time Cost

Instead of having a fixed utility cost u imagine now a fixed time
cost, t. This also produces & nonconvexity in preferences. Figure 3
shows a typical indifference set, Assuming nothing else}changes,

eptimal allecations come from solving:

{(P-4) Max ulc) - @vih+b)

#yCeh
s.t. 0 2 ¢ = Af(¢h)
o <h 3 I-t
o ¢ <1

The first order conditions are
{I11.b.1)  u' (AF(gh)IAF " (gh) = v’ (h+b)
(I11.b.2)  u”(Af (gh))Af (gh)h = vih+t)

Combining these two gives



(111.b.3) v '{h+t)h = vih+t)

A proposition completely analogous to proposition 1 could be proven in
order to show that, once again, h is uniquely determined independently
of technology, and in barticular, independently of the ;hock A.
Proceeding as above it is now easy to see that probiem (F-4) can be
rewritten so as to imp}y that the economy behaves as if there wvere a
representative agent with preferences linear in ;abor supply, i.e. the
economy behaves as if labor were indivisitle even though agents face no

restrictions on the nuaber of hours they may choose to supply.

IV, BSet-up Loste in Production

The previous examéles were.conﬁerned with rigidities in the
preferences of the individuals, 1In this section we want to demonstrate
how analogous results are obtained by assuming the existence of
rigidities in the technology. Once again the economy consists of a
tontinuum of identical agents distributed on [0, 1]. Preferences are
given by U = ui{c} - v{h), where these functions have the properties
assumed previously. The-production side of .the economy is now
~characterized by the existence of set-up costs. The individual has to
spend a fixed amoun? of time h0 on the job, before his work becomes
productive. Thigikind of specification intends to capture the exisfence
of skill-learning process or t}aining procedure. The production
function has form f(h-ho), where 0 < hc <1 and f(x) = 0 if x < 0.

This economy has a non-convexity in production. Figure 4

illustrates the production opportunities facing an individual. Using a
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similar argument as in the previcus sections will lead to a study of the

following problem to generate optimal allocations:

(P=5) Max ufc) = ¢gvih)

#,C,h

s.t. 0 £ ¢ 4 hf(¢(h—hﬂ))
o ¢h <1
0o 2 é 2l

Substituting the'prnduction furiction into the objective function, and
assuming an interior solution for ¢, we derive the following first order

conditions:
(Iv.D) u‘(%§(¢(ﬁ~hn))hf'(¢(h—ho)) = vy (h)
{1v.2) u'(Af(é(h—ha))hﬁ'(¢(h-ho))(h—ho) = v{h)
Combining (IV.1) and (1IV,2) yields:
{(1v.3) v’(h)(h—ho? = vi{h}

-Proposition 2: (IV.3) has a unique solution in h.
Proof: The proof is identical to the one of Proposition 1, after we

note that, because of the assumption lim u'f{c) = o the equilibrium must
: c~0

be characterized by h>h0. Once we restrict the range for h to be
(ho, 1), ve note that in this interval the function z(h) = v'(u)(h-ho)

is such that: (idz'(h) > v'(h) > 0 and (ii) lim 2(h) = 0 ¢ vi(h ).
h—h s
[4]



11

The fact that lim z(h) = e togethsr with (ii) guarantees the
h-#

existence of a solution, while (i) guarantees that it is unique.//

Denoting the solution to (IV.3) by E, problem (P-35) is equivalent to

(P-6) Max ufc) - dy(h)
c, ¢

s.t. 0 s¢ ¢ hf(f(ﬁ-ho))
¢ 51

-,

[ 749

fAs before, it is apparent that this economy behavss as if there were a
representative agent with preferencgs iinear in labor supply.

This is only one type of set-up cost in production. More
generally, one may consider that there is 2 set-up period in which
productivity is lower, but not equal to zero. consider the foilowing

technology:

where 0 < 2 ¢ age Figure 5 shows the production possibiities set. s
the diagram illust;ates, it is nonctonvex. This specification is in the
spirit of the motivation that Prescott (1986) gives for the assumption
of indivisible labor, although he does not provide a formal proof. #Rs a
first step in analysing this case there are some points to be noted. An
equilibrium without lotteries which involves asymmetric treatment of

individuals may take one of two forms. One is the case where saonme
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individuals have h = 0 and the rest have h > ho, and the other is where

some individuals have 0 { h ¢ ho and the rest have h » ho. It is not

possible to simultaneously have some individuals with h = 0 and some

individuals with 0 { h { h, because as long as h < h, the non-convexity

0 0

is irrelevant and identical individuals would not chopse different
bundles. The next proposition shows that once lotteries are introduced,
optimal allocations will not involve some individuals with 0 < h ¢ hD

and some individuals with h > hQ.

Proposition: Optimal allocations do not simultaneously have workers

with 0 < h £ h0 and h > ho.

Proof: Let h1 be the hours for workere with h < h0 and h2 be the hours

for werkers with h > hO' Let ¢ be the fraction of workers with h = h

An optimal allocation is determined by:

2"

Haximize ulec) - ¢vih, ) - {1-¢) vih,)
2 i
c,hl,h2,¢

s:f. c = {1l - ¢) alh] + g(alho + a2(h2 - ho);
0 ¢ hi 4 h0
ho < h2 <1

0 s ¢ 21



Assuming an interior solution the first order conditions are:

Iv.4 u'(c)al = v'(hl)
[ o . = .
iv.5 u (c)a2 v (hz)
Iv.é u (c)(a2h2 - alhl) = v(h2) - vfhl)

Subetituting the first two equations into the third gives:

iv.7 v (hl)hl'_ V(hl) = v (hz)h2 - v(hz)
The function v'(h)h - v{(h) is monoteone in h and hence this eguation

implies that h, = h2, which is a contradiction. This imﬁlies that the

1 =

problem does nect have an interior splutien, proving the proposition.//

This proves that once lotteriec are introduced, the only

allocations with asymmetric treatment of individuals are those in which

0

noted that it is possible for an optimal allocation to have all workers

some individuals have h = 0 and the rest have h > h,. It should be

working the same amount 6 where 0 ¢ h ¢ ho. Although this is a
possibility, it is not of interest here because in this case the
non-convexity is having no impact. As before, we are interested in how
alternative forms of nonconvexities affect fluctuations in employment
and hours, and therefore assume that parameters are set so that some
individuals are not working.

In view of this discussion, optimal allocations for the economy

with stochastic technology Aéf(h) where A is the stochastic shock and
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f(h) is as above, are determined by solving the following problem for

each value of A:

Maximize uf{c) - ¢vih}
cy ¢, h

s.t. ¢ = A¢f(h)

hy, 2 h

The first order conditions area:
Iv.8 u'{c) Af{h) = vi{h)

v.9 u'f(c) Af"(h) = v'(h)

These equations imply

£Lh)  _ vim
FIhy ViR

Rearranging gives:
iv.10 v'(h)f(h) - F'(hivih) = 0
Substituting for f(h) gives:
170 2 0

v'(h)[a h, + a_,(h-h )] - azv(h) =0

Note that the left hand side has derivative



15

] - >

v*{h) a h0 + a2(h hO) >0
Therefore this equation has a unique solution. This proves that this
economy also behaves as if laber were exogenously given to be
indivisible. Hours of work are constant, independent of the shock to

technology. This result will generalize to the case where f(h) has the

forn
a, hy, hz h1
fih) = ‘alhl + az(h - hl)’ hl h ¢ h2
ajhy + .onta b L a (h - hn~1)’ hooy h 2 h

where 0 z a, « a2 £ e. % 0@

1 - T n

fis long as ¢ is less than one all movements in total hours will be the

result of fluctuations in employment.

V. Fixed Consumption Costs of Working

The alternative non-convexities considered in the previous sections
demonstrate that there are structures that are observationally
equivalent to indivisible labor econcmies, While this much has been
demonstrated, caution should be exercised with regaré to overstating the
generality of the result obtained., There are ways in which siamilar
non-convexities may enter the economy that do not produce the same
equivalence result. For example, if the fixed cost of working was a

consumption cost rather than a utility or time cost, then the
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equivalence would not hold. Defining by ¢ the amount of goods which are
lost when labor is supplied, it is clear that the relevant problenm

defining the optimal allocations would be (assuming the existence of an

interior splution):

(P-7) Max ul{c) - ¢v(h)
#sc,h -
s.t. 0 % ¢ < Af(séh) - $c
0 £h 21
0 < ¢ 5l

The relevant first order conditions are given by:

(Vo1)  w’ {Af(gh) - gc) (Af ' ($h)h - CIAF (gh) = v (h)

(V.2) u’'(Afigh) - #c) + £°(gh) = v'{h)

(V.1}) and (V.2) do not imply that h is independent of A. In this case,
the technological shock will generally effect both the optimal number of
hours of work h*, and the employment rate ¢*.

In particular, if the following specification is used:

f(h)

"
xr

c-%—cz (0 <c<1)

f

ulc)

the first order conditions produce an equation which is quadratic in h

and h is given by:
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where the correct solution will depend on the 2nd order conditions. In

any casey, both of these solutions depend on the realization of A.

'VI. Conclusions

In sections II, 111 and IV we have examined four classes of static
representativé agent models with stochastié production in which some
type of non-convexity is present. Although the neon-convexities were
very different in terms of where they appear, it turns cut that each of
the medels produce a common outcome: in response to shogks to
technology each of the economies behaves as if there were a
representative agent whose preferences are linear in labor supply. The
importance of this feature has been demonstrated by the work of
Hansen [{9853 where he took the indivisible labor model of Rogerson
[1965] and showed that the induced ]inearity of preferences allowed for
a substantially better {fit between model generated time series and
;ciual time series for the U,5., in the post-Werld War 11 peried, It may
be arqued that simply assuming that labor supply is indivisible is
unsatisfactory witﬁout including features in the model which produce
this feature endogenously. The three alternative non-convexities .
considered in sections Ili and IV demonstrate that there are several
econories which introduce the non-convexity in a more primitive manner
but which, nonetheless, produce the same result.

Although very different forms of non-convexities may produce

equivalent results, it is by no means the case that qualitatively
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similar kinds of non-convexities will produce equivalent results. An
example in which the equivalence does not hold is provided in section V.
Understanding the potential implicati&ns which can derive from the study
of non-convexities will probably require analyzing many different kinds
of environaments, One uﬁifying theme will be the use of lotteries to

achieve optimal allocations,
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Figure 1
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